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and Centro de Fı´sica Atómica da Universidade de Lisboa, Avenida Professor Gama Pinto 2, 1649-003 Lisboa, Portugal

Fernando Parente
Departamento Fı´sica da Universidade de Lisboa and Centro de Fı´sica Atómica da Universidade de Lisboa,
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Formulas for the total ionization cross section by electron impact based on the binary-encounter-dipole
~BED! model and its simpler version, the binary-encounter-Bethe~BEB! model are extended to relativistic
incident electron energies. Total ionization cross sections for the hydrogen and helium atoms from the new
relativistic formulas are compared to experimental data. Relativistic effects double the total ionization cross
section of H and He at incident electron energy'300 keV and dominate the cross section thereafter. A simple
modification of the original BED-BEB formulas is proposed for applications to ion targets and inner-shell
electrons of neutral atoms and molecules. The relativistic and nonrelativistic BEB cross sections are compared
to theK-shell ionization cross sections by electron impact for the carbon, argon, nickel, niobium, and silver
atoms. For carbon and argon, the relativistic effects are small, and both forms of the BEB cross sections agree
well with available experimental data. For the nickel and heavier atoms, the relativistic increase of cross
sections becomes noticeable from about 100 keV and higher in the incident electron energy. The empirical
formula by Casnatiet al. @J. Phys. B15, 155 ~1982!# after correcting for relativistic effects as shown by
Quarles@Phys. Rev. A13, 1278~1976!# agrees well with the BEB cross sections for light atoms. However, the
peak values of the Casnati cross sections become higher than the relativistic BEB peak cross sections as the
atomic number increases. The BEB model is also applied to the total ionization cross section of the xenon
atom, and the theory agrees well with experiments at low incident electron energies, but disagrees with
experiment at relativistic incident energies.

PACS number~s!: 34.80.Dp, 34.80.Gs, 34.80.Kw
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I. INTRODUCTION

In an earlier work Kim and Rudd@1# proposed the binary
encounter-dipole~BED! model for the singly differential~en-
ergy distribution of secondary electrons! ionization cross
sectionds/dW as a function of the secondary electron e
ergy W and the incident electron energyT. The total ioniza-
tion cross section is obtained by integrating overW. In this
paper the nonrelativistic BED and associated formulas
the singly differential and total ionization cross sections
extended to relativistic incident electrons. The relativis
forms are required whenT exceeds about 20 keV, e.g., in th
inner-shell ionization of heavy atoms by fast electrons a
the stripping of fast ions used in heavy ion fusion.

The BED model was developed by combining a modifi
form of the Mott cross section@2,3# and the leading dipole
part of the Bethe cross section@4#. The relativistic extension
of the Mott cross section, which is known as the Mo” ller cross
section@5#, and that for the Bethe cross section are differe
and we must go back to the differential ionization cross s
tion and identify the origin of various terms to apply th
correct relativistic extensions.

The BED model requires the knowledge of different
dipole oscillator strength,d f /dW, for each atomic or mo-
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lecular orbital. Whend f /dW is unknown, Kim and Rudd
approximate it by a simple analytic function and obtain
compact, analytic expression for the total ionization cro
section. This simplified version is referred to as the bina
encounter-Bethe~BEB! model @1#. The BED-BEB model
was used to calculate total ionization cross sections of n
tral atoms and molecules with great success@6# for nonrela-
tivistic incident electron energies.

In Sec. II we summarize the nonrelativistic BED-BE
formulas and identify changes necessary to transform th
into relativistic forms. In Sec. III we discuss the applicatio
of the relativistic formulas. One class of problems to whi
the present relativistic formulas are immediately applica
is K-shell ionization cross sections. The original BED-BE
model is designed to produce reliable cross sections for n
tral targets. To extend the model to inner-shell ionization,
BED-BEB model is modified slightly to account for th
strong nuclear field experienced by the incident elect
when colliding with inner-shell electrons. Conclusions a
presented in Sec. IV.

II. THEORY

The BED-BEB cross-section formulas for atomic and m
lecular targets are identical. We shall refer to atoms for br
©2000 The American Physical Society10-1
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KIM, SANTOS, AND PARENTE PHYSICAL REVIEW A62 052710
ity hereafter, with the understanding that the same formu
can also be applied to molecular targets.

A. Nonrelativistic formula for differential ionization
cross sections

The modified Mott cross section used in the BED mo
for the differential ionization cross section per atomic orbi
is @1#

S ds

dWD
Mott

5
4pa0

2R2N

T F 1

~W1B!2
2

1

~W1B!~T2W!

1
1

~T2W!2G , ~1!

where T is the incident electron energy,W is the kinetic
energy of the ejected electron,B is the orbital binding en-
ergy,R is the Rydberg energy (513.6 eV),N is the orbital
electron occupation number, anda0(50.529 Å) is the Bohr
radius.

Since the Mott cross section does not include the dip
interaction, i.e., the soft collision with small momentu
transfers characteristic of bound electrons, the modified M
cross section, Eq.~1!, is combined with the leading dipol
term of the Bethe cross section to obtain the BED formu
The original Mott cross section was derived using the C
lomb functions for two free, colliding electrons, while th
Bethe cross section, which is the asymptotic~high T) form
of the plane-wave Born approximation, used plane waves
the incident and scattered electrons. Hence, the two form
cannot simply be added.

The differential Bethe cross section is often given in t
form @7,8#:

S ds

dWD
Bethe

5
4pa0

2

T
@A~W/R!ln~T/R!1C~W/R!1•••#,

~2!

whereA(W/R) and C(W/R) are functions characteristic o
the target atom but independent ofT.

Many past attempts to combine the Mott cross sect
with the Bethe cross section involved adjustable~mostly em-
pirical! parameters to scale the Bethe or Mott cross sect
Instead, Kim and Rudd required the combined formulas
satisfy asymptotic forms for both the ionization cross sect
and the stopping cross section@4,7#, and succeeded in elimi
nating any adjustable parameters. In addition, in the B
model the first denominatorT on the right-hand side~RHS!
of Eqs. ~1! and ~2! was replaced byT1U1B, where U
5^p2/2m& is the average orbital kinetic energy of the targ
electron,p being the electron momentum andm the electron
rest mass. This replacement was introduced by Burgess@9#
to emulate the correlation between incident and the ta
electrons. The nonrelativistic BED model for neutral targ
significantly owes its success at lowT to the use of this
denominator, which is sometimes referred to as the ‘‘foc
ing term’’ or the ‘‘acceleration term.’’ This means that th
incident electron is attracted by the target nucleus and g
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speed before collision. In reality, the incident electron see
neutral target until it actually plows into the target char
cloud. The replacement of the denominator introduced
Burgess@9# is a simple yet effective way to have a mildl
T-dependent correlation term between the incident and ta
electrons.

With these modifications, the nonrelativistic BED formu
for the singly differential ionization cross section per atom
or molecular orbital is given by@1#

S ds

dWD
BED

5
S

B~ t1u11! H ~Ni /N!22

t11 S 1

w11
1

1

t2wD
1@22~Ni /N!#F 1

~w11!2
1

1

~ t2w!2G
1

ln t

N~w11!

d f

dwJ , ~3!

whereS54pa0
2N(R/B)2, t5T/B, u5U/B, w5W/B, and

Ni5E
0

`

~d f /dw!dw, ~4!

in terms of the differential dipole oscillator strengthd f /dw,
which uses the binding energy as the energy interval.

In Eq. ~3! the first two terms in the curly brackets on th
RHS associated with the factor6(22Ni /N) are from the
Mott cross section, Eq.~1!, while the last term withd f /dw is
the leading dipole term from the Bethe cross section, Eq.~2!.
As is shown later, the changes necessary for relativistiT
must be introduced in the differential ionization cross s
tion.

B. Nonrelativistic formulas for total ionization cross sections

To obtain the nonrelativistic BED cross sectionsBED for
total ionization, we integrate Eq.~3! over the secondary elec
tron energy,W50 to Wmax5(T2B)/2, and get the total
ionization cross section:

sBED5
S

t1u11 FD~ t !ln t1S 22
Ni

N D S 12
1

t
2

ln t

t11D G ,
~5!

where

D~ t ![N21E
0

(t21)/2 1

w11

d f~w!

dw
dw ~6!

andNi is defined by Eq.~4!.
Often it is difficult to find reliabled f /dw for individual

atomic or molecular orbitals. In such cases, Kim and Ru
@1# approximate the differential dipole oscillator strength f
all orbitals by a simple function that simulates the shape
the d f /dw for ionizing the hydrogen atom,
0-2
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S d f

dwD
BEQ

5
Ni

~w11!2
. ~7!

This simplification is referred to as the BEQ model. Sin
the dipole term in Eq.~3! with Eq. ~7! becomes proportiona
to 1/(w11)3, we also symmetrize the dipole term followin
the symmetric form of the Mott cross section in the sa
equation, i.e., (d f /dw)/(w11) in Eq. ~3! is replaced by
Ni@1/(w11)311/(t2w)3# before the differential cross sec
tion is integrated overw. Then the integrated cross sectio
per orbital in the BEQ model becomes a simple analy
formula,

sBEQ5
S

t1u11 FQ ln t

2 S 12
1

t2D 1~22Q!S 12
1

t
2

ln t

t11D G
~8!

in terms of a dipole constantQ defined in the derivation o
Eq. ~3!,

Q5
2BM2

NR
, ~9!

with a frequently used dipole constantM2 defined by

M25
R

BE0

` 1

w11

d f

dw
dw[ND~`!. ~10!

Note that the first logarithmic term on the RHS of Eq.~8!
represents the dipole term, the middle term (121/t) embod-
ies the direct and exchange contributions from the Mott cr
section, and the last logarithmic term originates from
interference between the direct and exchange contributi
Equation~8! requires only four constants from each atom
or molecular orbital, viz., the binding energyB, the kinetic
energyU, the electron occupation numberN, all from the
ground-state wave function of the target, and the dipole c
stant Q. The substitution of Eq.~7! into Eq. ~10! leads to
QBEQ5Ni /N, which is used to replaceNi /N when Eq.~3! is
integrated.

When a reliable value ofM2 is known, although the de
tails of d f /dw are unknown, theM2 value can be used to
determineQ via Eq. ~9!. This substitution will makesBEQ
converge to the correct asymptotic limit predicted by t
Bethe theory.

When no data are available either ford f /dw or Q, Kim
and Rudd @1# set Q51, which they called the binary
encounter-Bethe~BEB! model. Then, the BEB cross sectio
becomes very simple,

sBEB5
S

t1u11 F ln t

2 S 12
1

t2D 112
1

t
2

ln t

t11G . ~11!

C. Relativistic BED, BEQ, and BEB cross sections

The original Mott and the Bethe cross sections ha
started with momentum transfers, and the expression
terms of energy, such asT and W, have been obtained b
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converting relevant electron speed into energies using
nonrelativistic relation. For instance, a kinetic energyK is
obtained by settingK5mv2/2, wherev is the speed of an
electron. The relativistic formulas, on the other hand,
written in terms of the ratio of the electron speed to the sp
of light c,

b t5v t /c, b t
2512

1

~11t8!2
, t85T/mc2, ~12!

bb5vb /c, bb
2512

1

~11b8!2
, b85B/mc2, ~13!

and

bu5vu /c, bu
2512

1

~11u8!2
, u85U/mc2, ~14!

wherev t is the speed of an electron with kinetic energyT, vb
is the speed of an electron with kinetic energyB, andvu is
the speed of an electron with kinetic energyU.

The Mo” ller cross section per atomic orbital, after the sam
modification used on the original Mott cross section to av
singularities forW50 and multiplying the orbital electron
occupation numberN, is given by@10–12#

S ds

dwD
Mo” ller

5
4pa0

2a2N~R/B!

b t
2 F 1

~w11!2
1

1

~ t2w!2

1
b82

~11t8!2
2

1

~w11!~ t2w!

112t8

~11t8!2
G ,

~15!

wherea is the fine-structure constant. The integration of t
differential Mo” ller cross section fromw50 to wmax5(t
21)/2 results in the integrated Mo” ller cross section,

sMo” ller5
4pa0

2a2N~R/B!

b t
2 F 12

1

t
2

ln t

t11

112t8

~11t8!2

1
b82

~11t8!2

t21

2
G . ~16!

The relativistic form of the nonrelativistic Bethe cross se
tion, Eq. ~2!, is @7,8,11–13#

ds

d~W/R!
5

4pa0
2a2

b t
2 H A~W/R!F lnS b t

2

12b t
2D 2b t

2G
1C8~W/R!1•••J , ~17!

where
0-3
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C8~W/R!5C~W/R!22A~W/R!ln a. ~18!

The nonrelativistic Eq.~3! is converted to a relativistic
form to match the relativistic Eqs.~15! and ~17!, while not-
ing that Eqs.~2! and ~3! use different energy units in th
-

he

f

05271
logarithm associated with the dipole interaction. After r
placingb t

2 in the first denominator on the RHS of Eqs.~16!
and ~17! by the relativistic equivalent of the ‘‘Burgess’’ de
nominator,b t

21bu
21bb

2 , the relativistic BED~RBED! for-
mula for the singly differential ionization cross section b
comes
r

S ds

dWD
RBED

5
4pa0

2a4N

~b t
21bu

21bb
2!2b8

H ~Ni /N!22

t11 S 1

w11
1

1

t2wD 112t8

~11t8/2!2

1@22~Ni /N!#F 1

~w11!2
1

1

~ t2w!2
1

b82

~11t8/2!2
G

1
1

N~w11!

d f

dwF lnS b t
2

12b t
2D 2b t

22 ln~2b8!G J . ~19!

The total ionization cross section of an atomic orbital is obtained by integrating Eq.~19! over w from 0 to (t21)/2,

sRBED5
4pa0

2a4N

~b t
21bu

21bb
2!2b8

H D~ t !F lnS b t
2

12b t
2D 2b t

22 ln~2b8!G1S 22
Ni

N D F 12
1

t
2

ln t

t11

112t8

~11t8/2!2
1

b82

~11t8/2!2

t21

2
G J ,

~20!

while D(t) is given by Eq.~6!.
The matching relativistic BEQ~RBEQ! and relativistic BEB~RBEB! formulas for total ionization of an atomic or molecula

orbital are

sRBEQ5
4pa0

2a4N

~b t
21bu

21bb
2!2b8

H Q

2 F lnS b t
2

12b t
2D 2b t

22 ln~2b8!G S 12
1

t2D
1~22Q!F 12

1

t
2

ln t

t11

112t8

~11t8/2!2
1

b82

~11t8/2!2

t21

2
G J , ~21!

and

sRBEB5
4pa0

2a4N

~b t
21bu

21bb
2!2b8

H 1

2 F lnS b t
2

12b t
2D 2b t

22 ln~2b8!G S 12
1

t2D 112
1

t
2

ln t

t11

112t8

~11t8/2!2
1

b82

~11t8/2!2

t21

2 J .

~22!
The relativistic Eqs.~20!–~22! reduce to their nonrelativ
istic counterparts, Eqs.~5!, ~8!, and ~11! in the limit b t!1
by noting that R5mc2a2/2, mv t

2/2>T, mvu
2/2>U, and

mvb
2/2>B.

D. Asymptotic limits

The Bethe cross section for the total ionization in t
high-T limit is often given by two constantsM2 and C,
which are characteristic of the target but independent oT
@7#,
sRBethe5
4pa0

2a2

b t
2 H M2F lnS b t

2

12b t
2D 2b t

2G1CRJ ~23!

in the relativistic form, and

sNRBethe5
4pa0

2

T/R FM2 ln
T

R
1CNRG ~24!

in the nonrelativistic form. The quantityCR is related toCNR
by Eq. ~18!, i.e.,
0-4



na

f
s

ry

o
-

n
he
im
os
e

ra

o

re
s

he
le

at

un-
put

D

s is
c-
an
o
D
-

t

ec-
-
ec-

y at-
i-
-

d
net
h
to

d

EXTENSION OF THE BINARY-ENCOUNTER-DIPOLE . . . PHYSICAL REVIEW A 62 052710
CR5CNR22M2 ln a. ~25!

Since the BED-BEQ-BEB cross sections are given in a
lytic forms, we can easily obtain analytic expressions forM2

and C from these cross-section models. The expression
M2 is the same for relativistic and nonrelativistic formula
The nonrelativistic expressions are

MBED
2 5

NR

B
D~`!, ~26!

CNRBED5MBED
2 lnS R

BD1
NR

B S 22
Ni

N D ; ~27!

MBEQ
2 5

NRQ

2B
, ~28!

CNRBEQ5MBEQ
2 lnS R

BD1
NR

B
~22Q!; ~29!

MBEB
2 5

NR

2B
, ~30!

CNRBEB5MBEB
2 lnS R

BD1
NR

B
; ~31!

and the relativistic expressions forC can be derived using
Eq. ~25!.

As was mentioned earlier,MBED
2 is a weighted integral of

the differential dipole oscillator strength, Eqs.~6! and ~10!,
and can be determined ifd f /dw for all orbitals are known,
either from photoionization experiments or a reliable theo
For instance, the values ofM2 are known for H and H-like
ions, He and some He-like ions, Ne, Ar, Kr, and Xe@14#.
The second constant,CNR , is much more difficult to deter-
mine, and reliable values are known only for a short list
targets. TheM2 from the BED and BEQ formulas are iden
tical to those from the Bethe theory, butMBEB

2 is not, be-
cause of the approximationQ51 we have made to obtai
sBEB. None of theC values from the present models are t
same as the Bethe theory value because of the approx
tions we have made to combine the Bethe and Mott cr
sections. For very highT@mc2, the approximations we hav
made, while providing reliable cross sections atT,5 keV,
may lead to less reliable cross sections than accu
asymptotic Bethe cross sections when they are known.

III. APPLICATION OF THE RELATIVISTIC FORMULAS

Cross-section formulas based solely on the Bethe the
are reliable for highT but are usually unreliable at lowT
where the ionization cross sections peak. Since the non
tivistic BED-BEB formulas provide reliable ionization cros
sections at lowT and the relativistic BED-BEB formulas
reduce to the correct nonrelativistic BED-BEB formulas, t
relativistic BED-BEB cross sections should provide reliab
ionization cross sections for a wide range ofT. For instance,
Eq. ~22! is ideally suited for modeling ionizing events th
05271
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cover incident electron energies from the threshold to h
dreds of keV because the BEB model requires minimal in
data for the target.

Note that the ‘‘Burgess’’ denominator,T1U1B, is the
only ad hocterm used without proper derivation in the BE
model. The substantial reduction of cross sections at lowT
achieved by the Burgess denominator for neutral target
unlikely to be correct in magnitude when the incident ele
tron is subject to a long-range Coulomb interaction from
ion target. Kim and Rudd@1# already noted that they had t
reduce the denominator to apply the nonrelativistic BE
model to He1. Further application of the BEB model to sin
gly charged molecular ions@15# revealed that usingT1(U
1B)/2 instead ofT1U1B resulted in excellent agreemen
with known experimental data at nonrelativisticT.

Moreover, comparisons to distorted-wave Born cross s
tions for highly charged ions@16# indicate that a simple av
erage of the nonrelativistic BED, BEQ, and BEB cross s
tions with the t1u11 denominator andt reproduces the
distorted-wave Born results closely at low to intermediatet.
For extreme cases such as the hydrogenic ions of heav
oms, we expect thatt alone will be the appropriate denom
nator as is the case for mostab initio theories that are ex
pected to be valid for such targets.

Until we have more examples to compare, wetentatively
propose to usefor single ionization of deep inner shellsof
heavy atoms,

sBEDav5
S

2 S 1

t
1

1

t1u11D
3FD~ t !ln t1S 22

Ni

N D S t21

t
2

ln t

t11D G ~32!

instead of Eq.~5!,

sBEQav5
S

2 S 1

t
1

1

t1u11D FQln t

2 S 12
1

t2D
1~22Q!S 12

1

t
2

ln t

t11D G ~33!

instead of Eq.~8!, and

sBEBav5
S

2 S 1

t
1

1

t1u11D F ln t

2 S 12
1

t2D 112
1

t
2

ln t

t11G
~34!

instead of Eq.~11!. In fact, these averaged BED, BEQ, an
BEB formulas can also be used for any ions whose
charge is 31 or higher, including deep inner shells whic
are subject to strong effective nuclear attraction. Similar
Eqs. ~32!–~34!, the averaged relativistic BED, BEB, an
BEQ formulas are

sRBEDav5
1

2 S 11
b t

21bu
21bb

2

b t
2 D 3@RHS of Eq. ~20!#,

~35!
0-5
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sRBEQav5
1

2 S 11
b t

21bu
21bb

2

b t
2 D 3@RHS of Eq. ~21!#,

~36!

and

sRBEBav5
1

2 S 11
b t

21bu
21bb

2

b t
2 D 3@RHS of Eq. ~22!#.

~37!

As is shown later, relativistic effects raise the ionizati
cross section at highT.mc2, sometimes making the cros
section higher than the first peak at lowerT. This is known as
the relativistic rise of ionization cross sections. WhenT
@mc2, other relativistic effects, such as the density effe
which is an apparent increase in the target density becau
the Lorentz contraction of the length in the direction of t
incident electron beam, must be taken into account.

A. Application of the BEB model to K-shell ionization

Inner-shell ionization cross sections by electron imp
are of interest not only to the basic collision physics
complex atoms and molecules, but also to various pract
applications in material science and electron microscopy
comprehensive review of the theoretical and experime
situation as of mid-1980s has been presented by Powell@17#.
Theoretical difficulties in the past were between the thre
old and the peak, which occurs usually four to five times
threshold energy. Theories based on the Bethe or Born c
section are not reliable there. Theories based on clas
mechanics are somewhat better but such theories usuall
quire adjustable parameters. The present BEB-RBEB mo
produce reliable cross sections between the threshold an
peak without using any adjustable parameters.

As an illustration, we apply the relativistic and nonrel
tivistic averaged BEB formulas to theK-shell ionization of
C, Ar, Ni, Nb, and Ag. As is shown below, relativistic effec
become increasingly more important as theK-shell binding
energies of the elements increase. Hence relativistic the
must be used for treating both atomic structure and collis
dynamics for medium to heavy atoms. The only input d
needed for each element in the present BEB-RBEB mo
are B and U, which are calculated from Dirac-Fock wav
functions and listed in Table I, and the electron occupat
numberN52. For the binding energies of inner-shell ele
trons, experimental values@18# may be used to match exper
mental thresholds precisely, though theoreticalK-shell bind-

TABLE I. K-shell binding energyB @18# and kinetic energyU.

Element B(keV) U(keV)

C 0.2844 0.4372
Ar 3.203 4.228
Ni 8.331 10.521
Nb 18.983 23.363
Ag 25.516 31.268
05271
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ing energies from Dirac-Fock wave functions are reliable
1% or better in general.

Before we present the comparison between theories
experiments, a few general comments are in order.

~a! Casnatiet al. @19# determined their empirical formula
by fitting to a wide range of experimental data available
them. Hence, when particular experimental data publis
before Casnatiet al.agree well with the Casnati formula, th
agreement may simply indicate that Casnatiet al. gave a
high weight to the experimental data while fitting their fo
mula.

~b! Casnatiet al. @19# presented a formula for relativisti
corrections in their paper but the formula—an equation giv
at the end of their Sec. 3—is wrong. The correct formula
given by Quarles@20#. Hence, we quote the Casnati formu
with the correct relativistic correction as the ‘‘Quarles’’ cro
section, while the nonrelativistic version is called the ‘‘Ca
nati’’ cross section.

~c! The fitting formula developed by Casnatiet al. †Eq.
~8! in @19#‡ contains the leading dipole interaction terms re
resented by lnt/t, while the relativistic correction presente
by Quarles is based on the classical theory by Gryzinski@21#,
which does not include any dipole interaction. In contra
the present RBEB model contains the leading dipole inter
tion and uses the correct relativistic extension of the dip
interaction.

~d! The semiempirical formula by Deutschet al. @22# is a
modified form of the classical theory by Gryzinski@21#. The
modification involves introducing a new parameter and
justing all parameters to fit available experimental da
Their formula still lacks the dipole interaction which be
comes dominant at highT, and hence tends to be too low
relativistic T.

In Figs. 1–5, we compare the present BEB@Eq. ~34!# and

FIG. 1. K-shell ionization cross section of C. Solid circles, e
perimental data by Tawaraet al. @25#; solid triangles, data by Hink
and Paschke@26#; thin solid curve, present averaged BEB cro
section, Eq.~34!; thick solid curve, present averaged RBEB cro
section, Eq.~37!; dot-dashed curve, relativistic empirical formu
by Quarles@20#; open diamonds, nonrelativistic semiempirical fo
mula by Khareet al. @23#; long-dashed curve, nonrelativistic sem
empirical formula by Deutschet al. @22#.
0-6
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RBEB @Eq. ~37!# cross sections to available experimen
data, to the nonrelativistic empirical cross sections by C
nati et al. @19#, to the relativistic version of the Casnati cro
sections with the relativistic corrections provided by Quar
@20# based on Gryzinski’s classical theory@21#, to the non-
relativistic semiempirical cross sections by Khareet al. @23#,
to the semiempirical cross sections by Deutschet al. @22#,

FIG. 2. K-shell ionization cross section of Ar. Solid circle
experimental data by Tawaraet al. @25#; upright triangles, data by
Hippler et al. @27#; squares, data by Quarles and Semaan@28#; in-
verted triangles, data by Plattenet al. @29#; thin solid curve, presen
BEB cross section, Eq.~34!; thick solid curve, present RBEB cros
section, Eq.~37!; short-dashed curve, nonrelativistic empirical fo
mula by Casnatiet al. @19#; dot-dashed curve, the Casnati cro
section with relativistic corrections by Quarles@20#; open dia-
monds, nonrelativistic semiempirical formula by Khareet al. @23#;
long-dashed curve, relativistic semiempirical formula by Deuts
et al. @22#; open circles, relativistic plane-wave Born cross sectio
by Scofield@24#.

FIG. 3. K-shell ionization cross section of Ni. Circles, expe
mental data by Smick and Kirkpatrick@34#; upright triangles, data
by Pockmanet al. @33#; squares, experimental data by Jessenbe
et al. @30#; inverted triangles, experimental data by Luoet al. @31#;
open squares, experimental data by Heet al. @32#; for other legends,
see Fig. 2 caption.
05271
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and to the relativistic plane-wave Born cross sections ca
lated by Scofield@24#. Of the several nonexperimental cro
sections presented in the figures, the present BEB-RB
cross sections and the Born cross sections by Scofield ar
only ab initio theories without any adjustable parameters

Except for the carbon atom in Fig. 1, the relativistic cro
sections begin to show a different shape than the shape o
nonrelativistic counterparts atT.100 keV. These figures
clearly demonstrate the necessity for relativistic correctio
for atoms with medium and high atomic numbers.

For the carbon atom, relativistic and nonrelativistic cro
sections are almost identical forT,1 keV. Both the presen
RBEB cross section and the relativistic Quarles cross sec
marked as ‘‘Quarles@20#’’ are in good agreement with the
experimental data by Tawaraet al. @25#, while the experi-
mental data by Hink and Paschke@26# display an increasing

h
s

er

FIG. 4. K-shell ionization cross section of Nb. Solid circle
experimental data by Penget al. @35#; for other legends, see Fig.
caption.

FIG. 5. K-shell ionization cross section of Ag. Circles, expe
mental data by Daviset al. @36#; upright triangles, data by el Nas
et al. @40#; squares, data by Shimaet al. @37#; inverted triangles,
data by Kisset al. @38# cited in Longet al. @39#; for other legends,
see Fig. 2 caption.
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KIM, SANTOS, AND PARENTE PHYSICAL REVIEW A62 052710
trend toward lowerT not seen in any other theory or expe
ment.

For the argon atom in Fig. 2, all theoretical and expe
mental data seem to agree with each other, while our RB
BEB cross sections tend to agree slightly better with
experimental data by Tawaraet al. @25#, by Hippler et al.
@27#, and by Quarles and Semaan@28#. The experimental
data by Plattenet al. @29#, though with large uncertainties
follow the shape of the Casnati cross section at lowT. We
also see the beginning of a trend that the relativistic Qua
and the nonrelativistic Casnati cross sections are higher
the RBEB-BEB cross sections in peak values. Although
did not extend Fig. 2 to very high incident electron energi
the relativistic plane-wave Born cross section by Scofi
@24# is in excellent agreement with the present RBEB cr
section toT510 MeV.

For the nickel atom in Fig. 3, experiments and theories
both divided into two groups. The experimental data by J
senberger and Hink@30# and the data by Luoet al. @31# agree
with the peak values of the Quarles cross section and
nonrelativistic Khare cross section, while the experimen
data by Heet al. @32#, the data by Pockmanet al. @33# and
the single data point by Smick and Kirkpatrick@34# are
lower in peak values and agree with our RBEB-BEB cro
sections. The relativistic plane-wave Born cross section
Scofield@24# rises rapidly near the peak overestimating t
ionization cross section as expected. The present RB
cross section begins to be higher than the plane-wave B
cross section beyondT51 MeV. For H and He, the RBEB
model producesM2—the leading coefficient of the Beth
cross section in Eq.~23! as discussed in Sec. II D—highe
than the known, reliable values@1#. Hence, we expect tha
the RBEB model would also overestimateM2 for K shells of
heavy atoms, resulting in a slightly higher cross section t
the asymptotic Born cross section. A definitive experim
centered around the peak is desirable to distinguish diffe
predictions from different theories.

In Fig. 4 we compare recent experimental data by P
et al. @35# for the niobium atom to the present RBEB cro
section, to the empirical formula by Casnatiet al. @19# with
the relativistic correction indicated by Quarles@20#, and the
semiempirical relativistic cross section by Deutschet al.
@22#. Here, the experimental data are in excellent agreem
with the RBEB cross section, while the Casnati cross sec
is appreciably higher, reinforcing the trend also seen in
and Ni ~Figs. 2 and 3!.

Four sets of experimental data for the silver atom
compared to the present RBEB-BEB cross sections and o
theories in Fig. 5. The experimental data by Daviset al. @36#
agree well with the Quarles~5 relativistic Casnati! cross
section. The data by Daviset al. on theK-shell ionization of
Cu and Au@36# are also much higher than our prelimina
RBEB cross sections. The experimental data by Shimaet al.
@37# and by Kisset al. @38#—as quoted in Longet al. @39#—
lie in between the RBEB and the relativistic Quarles cro
sections. The data by el Nasret al. @40# disagree with all
three relativistic cross sections presented in Fig. 5. Altho
all theoretical cross sections agree in the vicinity ofT
51 MeV, the difference between the present RBEB cr
05271
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section and the relativistic plane-wave Born cross section
Scofield @24# is widening at T.2 MeV, amplifying the
trend observed in Ar and Ni, again due to the fact that
RBEB model is likely to overestimateM2 in Eq. ~23! for K
electrons. The silver atom is another example for which
finitive measurements near the peak would help to dis
guish different theories.

B. Application of the relativistic BEQ cross section

Atomic hydrogen is a particularly simple case to app
Eq. ~8! because only one nontrivial number is needed:Q
50.5668, which can be calculated exactly from the hyd
genic d f /dw. The rest of the input data for the hydroge
atom areB513.6057 eV,u5U/B51 from the virial theo-
rem, andN51. As was shown in an earlier work@1#, the
nonrelativistic BEQ cross section is in excellent agreem
with the experimental values measured by Shahet al. @41#
from the threshold toT51 keV. The relativistic BEQ cross
section given by Eq.~21! is practically indistinguishable
from the nonrelativistic BEQ cross section Eq.~8! from the
threshold toT'5 keV.

Since the ionization cross section is very low at relativ
tic T, the Fano plot is better suited for comparing differe
cross sections at relativisticT. The Fano plot is a graph usin
as the abscissa and ordinate

X5 lnS b t
2

12b t
2D 2b t

2 , ~38!

Y5s
b t

2

4pa0
2a2

. ~39!

As can be seen from Eq.~23!, such a plot will asymptotically
approach a straight line with a slopeM2. Table II compares
sRBEB, sBEB, and experimental data by Shahet al. @41# for
the hydrogen atom at typical values ofT and the correspond
ing X.

The experimental data for H by Shahet al. @41# are com-
pared to the relativistic BEQ@Eq. ~21!# and nonrelativistic
BEQ @Eq. ~8!# cross sections, and the asymptotic Bethe cr
section @42# in a Fano plot in Fig. 6. We did not use th
averaged cross sections, Eqs.~32!–~37!, because they are
meant for deep inner shells of many-electron atoms. Both
relativistic BEQ and the asymptotic Bethe cross sectio
agree with the experimental data within the experimental
ror bounds. However, the asymptotic Bethe cross section
pears to agree better with the trend seen in the experime
data forT.2 keV thansRBEQ. This is an example in which
the asymptotic Bethe cross section for the hydrogen atom
more accurate because exact wave functions are known
though the actual cross-section values remain low at higT,
the relativistic BEQ cross section is almost twice the nonr
ativistic BEQ cross section atT'300 keV ~see Table II!.
Relativistic effects dominate at higherT, and the relativistic
rise of the cross section occurs afterT'1.5 MeV.
0-8
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TABLE II. Comparison ofT, X @see Eq.~38!#, sRBEQ @Eq. ~21!#, sBEQ @Eq. ~8!#, and experimental data by
Shahet al. @41# for H.

T(keV) X sRBEQ (Å 2) sBEQ (Å 2) Expt. (Å2)

0.998 25.548 0.119 0.119 0.11360.0077
1.998 24.857 0.0663 0.0659 0.063160.0047
2.998 24.454 0.0466 0.0462 0.043760.0036
3.998 24.169 0.0362 0.0358 0.0339
5.0 23.948 0.0297 0.0293 0.0279

10.0 23.269 0.0161 0.0157 0.0149
50.0 21.754 0.00409 0.00360

100.0 21.145 0.00243 0.00189
300.0 20.1851 0.00130 0.000681
500.0 0.3251 0.00109 0.000422

1000.0 1.161 0.000963 0.000221
1500.0 1.738 0.000944 0.000151
2000.0 2.183 0.000946 0.000115
5000.0 3.756 0.000999 0.000048

10000.0 5.048 0.00106 0.000025
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C. Application of the relativistic BED cross section

Recently, the nonrelativistic BED formula was applied
the helium atom in combination with thed f /dw calculated
from the relativistic random-phase approximation~RRPA!
@43#. The resultingsBED was sufficiently accurate to be rec
ommended as a normalization standard. In Ref.@43#, the
RRPA d f /dw was fitted into a four-term power series
facilitate integration to an arbitrary upper limit in Eq.~6!.
The fitted equation is

d f /dw5ay31by41cy51dy6, ~40!

where y5B/E5B/(W1B), and a58.24012, b5
210.4769, c53.964 96, andd520.044 597 6. To match
the experimental threshold,B524.587 eV is used in Eq
~20! with N52 and a theoretical value ofU539.51 eV for
the helium atom@1#.

FIG. 6. Fano plot for H. The abscissa is given by Eq.~38! and
the ordinate by Eq.~39!. Solid curve, present relativistic RBEQ
cross section Eq.~21!; short-dashed curve, present nonrelativis
BEQ cross section Eq.~8!; long-dashed curve, asymptotic Beth
cross section@42#; circles, experimental data by Shahet al. @41#.
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In Table III, sRBED andsBED are compared to the exper
mental data by Shahet al. @44# for the helium atom at typica
values ofT and the correspondingX. In Fig. 7, the experi-
mental data for He by Shahet al. @44# and the data by Rieke
and Prepejchal@45# are compared to the relativistic BED
@Eq. ~20!# and nonrelativistic BED@Eq. ~5!# cross sections
and the asymptotic Bethe cross section@42# in a Fano plot.
As in the case of H, we did not use the averaged cross
tions, Eqs.~32!–~37!, for He because these equations are
deep inner shells of many-electron atoms. In contrast to
hydrogen atom, the RBED cross section represents the t
seen in the experimental data atT.5 keV better than the
asymptotic Bethe cross section.

Rieke and Prepejchal@45# presented their data as a fitte
straight line using the variables for the Fano plot, Eqs.~38!
and ~39!. They presented three pairs of constants for
ionization of the helium atom. Their experiment on He, ho
ever, represents the total inelastic scattering cross sec
that includes all discrete excitations because they use
buffer gas whose ionization energy is below the excitat
energies of the metastable helium atom@46#. The excited He
atoms produce buffer-gas ions through the Penning ion
tion. In Fig. 7 the error bars for the Rieke and Prepejc
curve represent the spread of the cross sections reprod
from the three sets of their constants,M2 and CR . All of
their values are larger than the known asymptotic Be
cross-section values for ionization.

As it was in the case of the hydrogen atom,sRBED @Eq.
~20!# is almost twice the value ofsBED @Eq. ~5!# at T
'300 keV, and then the former dominates for higherT ~see
Table III!. The relativistic rise ofsRBED again occurs after
T'1.5 MeV.

D. BEB cross section for xenon

The BEB model requires minimal input data for the targ
atom and hence the model is most useful for atoms w
0-9



KIM, SANTOS, AND PARENTE PHYSICAL REVIEW A62 052710
TABLE III. Comparison ofT, X @see Eq.~38!#, sRBED @Eq. ~20!#, sBED @Eq. ~5!#, and experimental data
by Shahet al. @44# for He.

T(keV) X sRBED (Å 2) sBED (Å 2) Expt. (Å2)

1.0 25.546 0.137 0.137 0.12860.0079
2.01 24.851 0.0803 0.0799 0.079660.0049
3.0 24.453 0.0580 0.0576 0.055160.0034
4.0 24.168 0.0458 0.0453 0.044860.0028
6.1 23.752 0.0321 0.0316 0.030860.0019
8.0 23.487 0.0256 0.0250 0.025060.0015

10.0 23.269 0.0212 0.0206 0.019560.0012
50.0 21.754 0.00561 0.00494

100.0 21.145 0.00337 0.00264
300.0 20.1851 0.00183 0.000969
500.0 0.3251 0.00155 0.000606

1000.0 1.161 0.00139 0.000320
1500.0 1.738 0.00138 0.000220
2000.0 2.183 0.00139 0.000168
5000.0 3.756 0.00149 0.000072

10000.0 5.048 0.00161 0.000038
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complex structure. Xenon is a good example because its
ionization cross section is known to a reasonable accu
(610% –15%) at T<5 keV @47–49# and T
50.1–2.7 MeV@45#. One complication common in heav
atoms such as xenon is the fact that multiple ionization
significant fraction of the total ionization cross section. F
instance, Wetzelet al. @47# and Nagyet al. @48# separately
measured cross sections for producing singly charged, d
bly charged, and triply charged ions, while Nishimura a
Sakae@49# measured the total ion current. A simple sum
the cross sections measured by Wetzelet al.or Nagyet al. is
known as the counting ionization cross section defined b

scount5( sn1, n51,2,3, . . . , ~41!

FIG. 7. Fano plot for He. Solid curve, present relativistic RBE
cross section, Eq.~20!; short-dashed curve, present nonrelativis
BED cross section, Eq.~5!; long-dashed curve, asymptotic Beth
cross section@42#; dot-dashed curve, experimental data by Rie
and Prepejchal@45#, see text for the explanation of the error bound
circles, experimental data by Shahet al. @44#.
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while the ion current measured by Nishimura and Saka
known as the gross ionization cross section defined by

sgross5( nsn1, n51,2,3, . . . . ~42!

Most of the multiply charged ions result from the Aug
process triggered by the ionization of an inner shell, such
the 4s, 4p, 4d, and 5s orbitals. Holes created in very dee
inner shells are more likely to be filled by fluorescence th
by the Auger process. Besides, ionization cross sections
the K, L, andM shells are negligible compared to cross se
tions of the outer shells, and we need to consider multi
ionization from the holes created only in theN shell andO
shell.

Since our theoretical model is simple and the accuracy
the available experimental ionization cross sections is m
est, it is not necessary for us to know the details of the Au
process, such as fluorescence yields and partial cross sec
for the numerous channels of Auger decay. It is sufficient
us to consider only the energy balance from the list of orb
binding energies in Table IV. For instance, the ionization
a 5s electron will lead to a doubly charged ion when a 5p
electron fills the 5s hole, while the ionization of a 4d elec-
tron will lead to a triply charged ion by first filling the 4d
hole by a 5s electron and then the resulting 5s hole filled by
a 5p electron. In reality it is also possible to get only
doubly charged ion if a 5p electron fills the 4d hole. Simi-
larly, we assume that the ionization of a 4s or 4p electron
will result in a quadruply charged ion. It is easy to estima
the cross sections for the production of these multi
charged ions in the BEB model because the model gi
cross sections for each orbital. Hence, to get the coun
ionization cross section, we simply add each orbital cr
section once. For the gross ionization cross section
double the 5s cross section, triple the 4d cross section, and

;
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TABLE IV. Orbital binding energyB, kinetic energyU, electron occupation numberN, and the Bethe constantsM2 @Eq. ~30!#, CNR @Eq.
~31!#, andCR @Eq. ~25!# for Xe. N, CNR , andCR are dimensionless. The lowest binding energy is experimental. For other binding ene
we used the orbital energies from the Dirac-Fock wave function.

Orbital B (eV) U (eV) N M2(a0
2) CNR CR

1s1/2 35755.82 42281.58 2 0.000391 20.00229 0.001564
2s1/2 5509.33 9173.91 2 0.002470 20.00989 0.01441
2p1/2 5161.43 9135.67 2 0.002636 20.01038 0.01556
2p3/2 4835.57 8324.23 4 0.005627 20.02180 0.03358
3s1/2 1170.37 2722.32 2 0.01163 20.02853 0.08586
3p1/2 1024.78 2642.38 2 0.01328 20.03083 0.09983
3p3/2 961.25 2453.45 4 0.02831 20.06391 0.2147
3d3/2 708.13 2311.18 4 0.03843 20.07502 0.3031
3d5/2 694.90 2261.96 6 0.05874 20.1136 0.4645
4s1/2 229.39 757.48 2 0.05931 20.04893 0.5347
4p1/2 175.58 690.54 2 0.07749 20.04321 0.7193
4p3/2 162.80 643.34 4 0.1671 20.08057 1.564
4d3/2 73.78 497.77 4 0.3688 0.1141 3.744
4d5/2 71.67 485.43 6 0.5695 0.1928 5.797
5s1/2 27.49 122.58 2 0.4950 0.6419 5.513
5p1/2 13.40 88.90 2 1.015 2.045 12.03
5p3/2 12.1298 79.42 4 2.243 4.744 26.82
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quadruple the 4s and 4p cross sections. The values ofB and
U given in Table IV for xenon were calculated using
single-configuration Dirac-Fock wave function.

The BEB cross section for the gross ionization is co
pared to available experiments at lowT in Fig. 8, while the
Fano plot for Xe is shown in Fig. 9 for relativisticT. The
BEB cross section used in Fig. 8 issBEBav @Eq. ~34!#, while
the cross section used in Fig. 9 issRBEBav @Eq. ~37!#. The
relativistic and nonrelativistic BEB cross sections are ind
tinguishable at nonrelativisticT. For the 5p1/2 and 5p3/2 or-
bitals, we did not use the ‘‘average’’ cross section in E
~34!. Instead we replacedu11 in Eq.~11! by (u11)/n with

FIG. 8. Total ionization cross section of Xe. Solid curve, pres
BEB gross ionization cross section, Eq.~34!; upright triangles, ex-
perimental gross ionization cross section by Wetzelet al. @47#; in-
verted triangles, experimental counting ionization cross section
Wetzelet al. @47#; squares, experimental gross ionization cross s
tion by Nagyet al. @48#; circles, experimental gross ionization cro
section by Nishimura and Sakae@49#.
05271
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the principal quantum numbern55 as we did in earlier ap-
plications of the BEB model to heavy atoms and molecu
containing heavy atoms. This is another example of the
tuning of the ‘‘Burgess’’ denominator to avoid excessive r
duction of cross sections due to large values ofU for outer
orbitals resulting from many radial nodes and high angu
quantum numbers in the kinetic energy operatorł ( l
11)/2r 2. Except for the outermost orbitals, such as the 5p1/2
and 5p3/2 orbitals, the averaging of two denominators show
in Eq. ~34! leads to cross sections practically indistinguis
able from those obtained by using (u11)/n in the denomi-

t

y
-

FIG. 9. Fano plot for Xe. Solid curve, present RBEB gro
ionization cross section Eq.~37!; long-dashed curve, present RBE
counting ionization cross section; short-dashed curve, experime
counting ionization cross section by Rieke and Prepejchal@45#;
squares, experimental gross ionization cross section by Nagyet al.
@48#; triangles, experimental counting ionization cross section
Nagyet al. @48#; circles, experimental gross ionization cross sect
by Nishimura and Sakae@49#.
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KIM, SANTOS, AND PARENTE PHYSICAL REVIEW A62 052710
nator. An alternative method is to use the orbital kinetic e
ergies derived from an effective core potential, whi
generates nodeless valence orbitals. Effective core poten
are widely used in quantum chemistry for molecules conta
ing heavy atoms@50#. We also used experimental ionizatio
energy for the outermost orbital to match the threshold
experimental cross sections.

In the case of He, double ionization is negligible and
did not have to distinguish counting and gross ionizat
cross sections. For Xe, however, the gross ionization c
section is visibly higher than the counting ionization cro
section as can be seen from Figs. 8 and 9. The peak neT
5110 eV is enhanced in the gross ionization cross sectio
clear indication that the peak is related to the multiple io
ization resulting from holes in the 4d3/2 and 4d5/2 orbitals.
These holes may be created either by direct ionization
excitation to a higher bound levels, which decay by autoi
ization. The BEB model includes the direct ionization b
not the autoionizing excitations. Within the context of t
BEB model, the autoionization cross sections must be ca
lated separately and added on to the direct ionization c
section.

For heavy, neutral atoms, the BEB model underestima
the value ofM2 while overestimatingCNR and consequently
CR . The BEB values for Xe areM255.157, CNR57.209,
andCR557.96 for the counting ionization cross section, a
M258.441, CNR57.947, andCR591.01 for the gross ion-
ization cross section. Rieke and Prepejchal@45# detected Xe
ions in the Geiger-Mu¨ller ~GM! counting mode, and henc
what their instrument recorded corresponds to the coun
ionization cross section. In spite of the low uncertainty e
mate on their totalM2 value, 8.0460.15, their value far
exceeds theM256.12 obtained by Berkowitz@14# directly
from photoionization data. The value by Rieke and Pre
jchal quoted above was obtained without any buffer gas
the counter, which implies that there was no conversion
metastable Xe into an ion through the Penning ionizati
Hence their value ofM258.0460.15 andCR572.3560.40
should be for ionization without any excitations unlike t
case of He. In fact, this tendency of theM2 values deter-
mined by Rieke and Prepejchal being higher than theM2

values obtained directly from photoionization is seen
many targets reported by Rieke and Prepejchal. We hav
plausible explanation for this trend.

IV. CONCLUSIONS

The nonrelativistic BED, BEQ, and BEB cross sectio
for electron-impact ionization have been extended to rela
istic incident electron energies. The original BED-BEQ-BE
formulas, which reproduce reliable ionization cross secti
for neutral targets, have been modified slightly for applic
tions to inner shells by using a simple average of cross
tions with two different denominators. These denominat
play the role ofT-dependent scaling of ionization cross se
tion to account for the electron correlation between the in
dent and target electrons. The relativistic formulas can n
be used for the ionization of atoms and molecules wh
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inner-shell ionization requires relativistic (T.20 keV) inci-
dent electron energies.

The present theory is in excellent agreement with av
able experimental data onK-shell ionization by Tawaraet al.
@25# for carbon and argon, the experimental data by Po
manet al. @33# for nickel, and with the experimental data b
Penget al. @35# for niobium. The present theory is lowe
than available experimental data for silver. For nickel a
heavier elements, the relativistic version of the empirical C
snati cross sections tends to be higher than the present th
at the peak by 20% to 30%. Definitive experiments for t
K-shell ionization of Ni and Ag near the cross-section pea
are needed to settle conflicting theories and experiments

The present theory is also in good agreement with
relativistic plane-wave Born cross sections by Scofield@24#
for argon, nickel, and silver forT,2 MeV. However, for
higher T, the RBEB cross section is higher than the Bo
cross section, because the RBEB model most likely ove
timatesM2 @Eq. ~23!# for K shells. This shortcoming of the
RBEB model can be corrected by actually calculatingM2

with a suitable relativistic continuum wave function. Sin
the ionization energy for K electrons is high and the bou
state is dominated by the nuclear Coulomb field, elect
correlation is not expected to be critical. Any reasonable c
tinuum wave-function model—e.g., a relativistic version
the Hartree-Fock continuum wave function with frozen co
orbitals—is likely to produceM2 values better than the
simple form, Eq.~30!, used in the RBEB model. When suc
continuum wave functions become available, the RBEQ a
RBED models can be used as well.

Although the empirical equation by Casnatiet al. @19# has
a logarithmic term to represent the dipole interaction,
relativistic correction derived by Quarles@20# is based on the
classical theory by Gryzinski@21#, which does not have the
proper dipole interaction term. Hence, it is uncertain whet
this combination of nonrelativistic Casnati formula and t
Quarles relativistic correction would necessarily lead to
correct asymptotic behavior for the dipole interaction, whi
becomes dominant at relativisticT. The same comment ap
plies to the relativistic extension of the semiempirical cro
section by Deutschet al. @22#. The Deutsch cross sectio
does not have the correct logarithmic term for the dip
interaction either in the relativistic or the nonrelativistic fo
mula. It is known that the lack of a proper dipole interacti
term in the classical theory leads to cross sections too low
high T.

All forms of the present theory and the plane-wave Bo
cross section by Scofield@24# have the correct logarithmic
terms for the dipole interaction. In Figs. 3–5, the RBE
cross section becomes higher than the semiempirical c
sections marked ‘‘Quarles@20#’’ and ‘‘Deutsch’’ at T
.2 MeV. Since these semiempirical cross sections b
have ‘‘improper’’ asymptotic behavior, the only meaningf
comparison of asymptotic cross sections will be the comp
son between the present theory and the plane-wave B
cross section by Scofield@24#.

The Born approximation overestimates peak cross s
tions and this expectation is borne out by the trend see
Fig. 3. The agreement near the peak in Fig. 5 between
0-12
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Born cross section by Scofield and the experimental data
Daviset al. @36# should be regarded not as an agreement
as an indication that the data by Daviset al. are too high in
view of the expected behavior of Born cross sections near
peak. The comparison of the presentsRBEB to the Born cross
section by Scofield atT510 MeV for medium to heavy
atoms indicates that the former is higher than the latter
10–15%.

The ionization cross sections for the hydrogen and hel
atoms are in excellent agreement with the present BEQ/B
cross sections at nonrelativisticT. However, the asymptotic
trend of the experimental data for the hydrogen atom follo
the asymptotic Bethe cross section@42# better than the rela
tivistic BEQ cross section. On the other hand, the asympt
trend of the experimental data for the helium atom follo
the relativistic BED cross section.

The BEB cross section for Xe is in good agreement w
available experiments except near the cross-section p
where autoionization resulting from the ‘‘excitations’’ of th
5s and 4d electrons to upper bound levels interact with t
background continuum for the direct ionization of the 5p
electrons. The BEB model does not include these autoio
ing channels, though the model can approximately acco
for the multiple ionization produced by the Auger decay
the 5s, 4d, 4p, and 4s holes created by direct ionization.

When accurate data on differential dipole oscilla
strength are available, the BED and BEQ models will lead
the correct value of the leading dipole termM2 in the
asymptotic Bethe cross section@see Eq.~23!# for relativistic
incident electron energies. However, the present theor
likely to overestimate the second termCR in the asymptotic
Bethe cross section. Hence the BED and BEQ models m
still overestimate counting ionization cross sections for
treme relativistic incident electron energies,T@mc2. For
gross ionization cross sections, available experimental
are insufficient to draw any definite conclusion about
reliability of the present theory atT@mc2, though the BED
-

ol-

ce

se
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and BEQ cross sections are also likely to overestimate g
ionization cross sections atT@mc2.

Unlike K shells, the BEB model underestimatesM2 of
heavy neutral atoms and overestimates theirCR and CNR .
The fact that the BEB model produces reliable ionizati
cross sections at lowT for many neutral atoms and mo
ecules indicates that other terms in the BEB-RBEB mo
compensate at lowT.

The underlying reasons for the surprising success of
Burgess denominator for neutral targets and its modifi
form for inner shells presented here are not clear at pres
More application examples are needed to fully underst
the fundamental nature of the Burgess denominator. O
then the BED-BEQ-BEB models can be modified further
make them truly versatile models that not only cover t
entire range ofT but also apply to neutral as well as ionize
targets.

Since all the input data required in the relativistic BE
cross section can be obtained from the ground-state w
function ~preferably Dirac-Fock type! of a target atom,
sRBEB @Eqs. ~22! or ~37!# can be used for a wide range o
neutral atoms and molecules as well as atomic and molec
ions. The relativistic formulas presented in this paper prov
a ‘‘seamless’’ coverage of ionization cross sections from
threshold to relativistic incident energies, making the form
las ideally suited for modeling of radiation effects, fusio
plasmas, stripping of ions in heavy ion fusion, inner-sh
ionization, and other applications where ionization cross s
tions for a wide range of incident energies are required.
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