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Extension of the binary-encounter-dipole model to relativistic incident electrons
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Formulas for the total ionization cross section by electron impact based on the binary-encounter-dipole
(BED) model and its simpler version, the binary-encounter-BéBEB) model are extended to relativistic
incident electron energies. Total ionization cross sections for the hydrogen and helium atoms from the new
relativistic formulas are compared to experimental data. Relativistic effects double the total ionization cross
section of H and He at incident electron energ800 keV and dominate the cross section thereafter. A simple
modification of the original BED-BEB formulas is proposed for applications to ion targets and inner-shell
electrons of neutral atoms and molecules. The relativistic and nonrelativistic BEB cross sections are compared
to the K-shell ionization cross sections by electron impact for the carbon, argon, nickel, niobium, and silver
atoms. For carbon and argon, the relativistic effects are small, and both forms of the BEB cross sections agree
well with available experimental data. For the nickel and heavier atoms, the relativistic increase of cross
sections becomes noticeable from about 100 keV and higher in the incident electron energy. The empirical
formula by Casnatet al. [J. Phys. B15, 155 (1982] after correcting for relativistic effects as shown by
Quarleg Phys. Rev. A13, 1278(1976] agrees well with the BEB cross sections for light atoms. However, the
peak values of the Casnati cross sections become higher than the relativistic BEB peak cross sections as the
atomic number increases. The BEB model is also applied to the total ionization cross section of the xenon
atom, and the theory agrees well with experiments at low incident electron energies, but disagrees with
experiment at relativistic incident energies.

PACS numbse(s): 34.80.Dp, 34.80.Gs, 34.80.Kw

[. INTRODUCTION lecular orbital. Whendf/dW is unknown, Kim and Rudd
approximate it by a simple analytic function and obtain a
In an earlier work Kim and RudflL] proposed the binary- compact, analytic gxpressiqn fc_)r the total ionization cross
encounter-dipol¢BED) model for the singly differentialen- ~ Section. This simplified version is referred to as the binary-
ergy distribution of secondary electronionization cross €ncounter-BethgBEB) model [1]. The BED-BEB model
sectiondo/dW as a function of the secondary electron en-Was used to calculate total _|on|zat|on cross sections of neu-
ergy W and the incident electron enerdy The total ioniza- t@l atoms and molecules W'th. great succiisfor nonrela-
tion cross section is obtained by integrating oVérin this tivistic incident electron energies. R
paper the nonrelativistic BED and associated formulas fo In Sec. Il we summarize the nonrelativistic BED-BEB
the singly differential and total ionization cross sections are%ormulas_a_no_l identify changes necessary to ”a”SfOFm t_hem
extended to relativistic incident electrons. The relativistic!tO refativistic forms. In Sec. Il we discuss the application

forms are required whefi exceeds about 20 keV, e.g., in the of the relativistic formulas. One class of problems to which
inner-shell ionization of heavy atoms by fast electrons anc}he present r_eIa§|V|st|c formula; are |mmeQ|a}ter applicable
the stripping of fast ions used in heavy ion fusion Is K-shell ionization cross sections. The original BED-BEB

The BED model was developed by combining a modifiedmOdel is designed to produce reliable cross sections for neu-
form of the Mott cross sectiof2,3] and the leading dipole tral targets. To extend the model to inner-shell ionization, the

part of the Bethe cross sectipf]. The relativistic extension BED-BEB mode! is modifigd slightly to a_ccgunt for the
of the Mott cross section. which is known as théIMpcross strong nuclear field experienced by the incident electron

section[5], and that for the Bethe cross section are different,When colliding with inner-shell electrons. Conclusions are

and we must go back to the differential ionization cross secPresented in Sec. IV.
tion and identify the origin of various terms to apply the
correct relativistic extensions.

The BED model requires the knowledge of differential The BED-BEB cross-section formulas for atomic and mo-
dipole oscillator strengthdf/dW, for each atomic or mo- lecular targets are identical. We shall refer to atoms for brev-

II. THEORY
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ity hereafter, with the understanding that the same formulaspeed before collision. In reality, the incident electron sees a

can also be applied to molecular targets. neutral target until it actually plows into the target charge
cloud. The replacement of the denominator introduced by
A. Nonrelativistic formula for differential ionization Burgess[9] is a simple yet effective way to have a mildly
cross sections T-dependent correlation term between the incident and target
electrons.

The modified Mott cross section used in the BED model

. L ) . . With these modifications, the nonrelativistic BED formula
for the differential ionization cross section per atomic orbital

for the singly differential ionization cross section per atomic

is [1] or molecular orbital is given bjl]
(do-) 4malR®N| 1 1
dw Mon_ T (W+B)2 (W+B)(T—-W) (d_”) — S (Ni/N)—2( 1 + 1 )
dw BED B(t+u+1) t+1 w+1l t—w
+ 1 ()
' 1
(T-W)2 +[2—(N;/N)] +
(w+1)2  (t—w)?

where T is the incident electron energyV is the kinetic
energy of the ejected electroB, is the orbital binding en- Int  df 3
ergy, R is the Rydberg energy<13.6 eV),N is the orbital + N(w+1) dw(’ )
electron occupation number, aag(=0.529 A) is the Bohr
radius.

— 2 2 4+ — —
Since the Mott cross section does not include the dipolg\’heres_‘lwaON(R/B) » 1=T/B, u=U/B, w=W/B, and

interaction, i.e., the soft collision with small momentum
transfers characteristic of bound electrons, the modified Mott
cross section, Eq(1), is combined with the leading dipole

term of the Bethe cross section to obtain the BED formula.
The original Mott cross section was derived using the Cou

lomb functions for two free, colliding electrons, while the \, ik uses the binding energy as the energy interval.
Bethe cross section, which is the asymptdtigh T) form In Eq. (3) the first two terms in the curly brackets on the
of the plane-wave Born approximation, used plane waves thHS associated with the factor (2—N;/N) are from the

the incident and scattered electrons. Hence, the two formulamott cross section, Eq1), while the last term wittd f/dw is

cannot s?mply b_e added. L . ) the leading dipole term from the Bethe cross section,(Eq.
The differential Bethe cross section is often given in theAS is shown later, the changes necessary for relativibtic

N, = Jm(df/dw)dw, @
0

n terms of the differential dipole oscillator strengdifi/dw,

form (7.8} must be introduced in the differential ionization cross sec-
do 4maj tion.
aw =7 [AW/R)IN(T/R)+C(W/R)+ - - - ],
Bethe @) B. Nonrelativistic formulas for total ionization cross sections

To obtain the nonrelativistic BED cross sectioggp for
where A(W/R) and C(W/R) are functions characteristic of total ionization, we integrate E¢B) over the secondary elec-
the target atom but independent f tron energy,W=0 to W,,,,=(T—B)/2, and get the total

Many past attempts to combine the Mott cross sectionionization cross section:
with the Bethe cross section involved adjustalpf®stly em-

pirical) parameters to scale the Bethe or Mott cross section. S D(OInt+|2— M 1- E_ Int
Instead, Kim and Rudd required the combined formulas to “BED™ {1 ;11 (O)ln N t t+1)])
satisfy asymptotic forms for both the ionization cross section (5)

and the stopping cross sectiph 7], and succeeded in elimi-

nating any adjustable parameters. In addition, in the BEQyhere

model the first denominatdf on the right-hand sidéRHS)

of Egs. (1) and (2) was replaced byl +U+B, whereU vz 1 df(w)

=(p?/2m) is the average orbital kinetic energy of the target D(t)EN‘lf ———dw (6)
electron,p being the electron momentum andthe electron 0 w+l dw

rest mass. This replacement was introduced by Burf@ss

to emulate the correlation between incident and the targeandN; is defined by Eq(4).

electrons. The nonrelativistic BED model for neutral targets Often it is difficult to find reliabled f/dw for individual
significantly owes its success at loWwto the use of this atomic or molecular orbitals. In such cases, Kim and Rudd
denominator, which is sometimes referred to as the “focus{1] approximate the differential dipole oscillator strength for
ing term” or the “acceleration term.” This means that the all orbitals by a simple function that simulates the shape of
incident electron is attracted by the target nucleus and gairthe d f/dw for ionizing the hydrogen atom,
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df N converting relevant electron speed into energies using the
(d_) :—'2. (7)  nonrelativistic relation. For instance, a kinetic eneigyis
Wigeq (W+1) obtained by settind< =mv?/2, wherev is the speed of an

electron. The relativistic formulas, on the other hand, are

This simplification is referred to as the BEQ model. Since,jiten in terms of the ratio of the electron speed to the speed

the dipole term in Eq(3) with Eq. (7) becomes proportional

to 1/(w+ 1)3, we also symmetrize the dipole term following of light c,

the symmetric form of the Mott cross section in the same 1

equation, i.e., ¢f/dw)/(w+1) in Eq. (3) is replaced by Bi=v.lc, ,8t2=1— > t'=T/mc, (12
N;[1/(w+ 1)3+ 1/(t—w)3] before the differential cross sec- (1+t')

tion is integrated ovew. Then the integrated cross section

per orbital in the BEQ model becomes a simple analytic ) 1 )
formula Bv=vplc, Pp=1-—1"—, b'=B/mc (13
’ (1+b")
S Qlint 1 1 Int and
BEQT{Tyur1| 2 (11—2 +<2‘Q>(1‘f‘t+—1
8 1
o Bu=vulc, Bi=1-———, u'=U/Imc (14
in terms of a dipole constar@ defined in the derivation of (1+u’)
Eq. (3), . e
a© wherev, is the speed of an electron with kinetic enefigy
2BM? is the speed of an electron with kinetic eneByanduv, is
Q=R (9)  the speed of an electron with kinetic eneldy
The Mdler cross section per atomic orbital, after the same
with a frequently used dipole constait® defined by modification used on the original Mott cross section to avoid
singularities forW=0 and multiplying the orbital electron
, R(» 1 df occupation numbeN, is given by[10-12
M _E OmdeZND(W). (10)
(da Ama3a®N(R/IB)| 1 1
Note that the first logarithmic term on the RHS of K o = +
J 8 dw Mdller :8t2 (w+ 1)2 (t_W)2

represents the dipole term, the middle term-(lit) embod-

ies the direct and exchange contributions from the Mott cross ,

section, and the last logarithmic term originates from the b2 1 1+2t
interference between the direct and exchange contributions. + (1+1)2 N (WH1)(t=W) (1+t/)2 '
Equation(8) requires only four constants from each atomic

or molecular orbital, viz., the binding enerdy the kinetic (19

energyU, the electron occupation numb8k; all from the ) ) ) )
ground-state wave function of the target, and the dipole conWherea is the fine-structure constant. The integration of the
stantQ. The substitution of Eq(7) into Eq. (10) leads to  differential Mdler cross section fromw=0 10 Wpq,=(t

Qgeo=N; /N, which is used to replads; /N when Eq.(3)is ~ ~ 1)/2 results in the integrated NMer cross section,
integrated. _

When a reliable value of1? is known, although the de- 4A7ada®N(R/B) 1 Int 1+2t
tails of df/dw are unknown, theM? value can be used to OMbler=""5 | 1= T iFlie
determineQ via Eq. (9). This substitution will makergeq B L (1+t)

converge to the correct asymptotic limit predicted by the ) 1

Bethe theory. b2 t—1
When no data are available either ff/dw or Q, Kim + (1+t)2 2 | (16)

and Rudd[1l] set Q=1, which they called the binary- -

encounter-Beth€BEB) model. Then, the BEB cross section Thg rejativistic form of the nonrelativistic Bethe cross sec-

becomes very simple, tion, Eq.(2), is[7,8,11-13
S Int 1 1 Int 2 2 2
- | —[1-= T do mTaga B
= + .
TBEBT iyt 1| 2 (1 tz) o W SWIR) = B;’ [A(W/R) In ‘BZ)—B?l
t Pt
C. Relativistic BED, BEQ, and BEB cross sections LC(WIR)+ (17
The original Mott and the Bethe cross sections have '

started with momentum transfers, and the expressions in
terms of energy, such a6 and W, have been obtained by where
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C'(W/R)=C(W/R)—2A(W/R)In a. (18 logarithm associated with the dipole interaction. After re-
placing 87 in the first denominator on the RHS of Ed46)
and(17) by the relativistic equivalent of the “Burgess” de-

The nonrelativistic Eq(3) is converted to a relativistic nominator, 87+ 82+ 82, the relativistic BED(RBED) for-
form to match the relativistic Eq$15) and(17), while not-  mula for the singly differential ionization cross section be-
ing that Egs.(2) and (3) use different energy units in the comes

(da) B 4Amaia’N (N;/N)-2( 1 . 1\ 1+2t
AW/ gep  (B7+ B3+ BD)2b t+1 wt+l t=w/(1+1'/2)?
+[2—(N;/N)] + ! + b’

' (W+1)2  (t—-w)2  (1+1'/2)2
1 df B2

TNWwF D dw

] : (19

The total ionization cross section of an atomic orbital is obtained by integratinglBqover w from 0 to (t—1)/2,
4mada’N z N;
ORBED= 0 [D(t){m(ﬂz) —BZ=In(2b") +(2_WI) 1
B
while D(t) is given by Eq.(6).

(BE+ B+ Bp)2b’ t
The matching relativistic BEQRBEQ) and relativistic BEB[RBEB) formulas for total ionization of an atomic or molecular

—— | —Bi—In(2b’
n 1—Bt2> Bt n( )

1t 1ot b2 t-1
U+l (1+t/22  (1+t'/22 2 |]°

(20

orbital are
47Taga4N [Q ( ,Btz ) ’ 1
URBEQ: ; —|In _,Bt_ln(Zb,) 1-—
(BE+BL+BY2b 2] \1-p7 t?
t2-0)1 1 Int 1+2t s b2 t-—1 -
tt+l (1+t'/2)2 (1+t'/2)% 2
and
4maga'N 1] [ B - n(2b) (1 1)+1 LIt 1420 b% t-1
o = =|In —B5—1In - — ——= .
REEB™ B2+ B2+ p22b’ | 2| \1-p2) ™ 2 ttHl (141722 (1+t'/2)2 2 -
22
|
The relativistic Eqs(20)—(22) reduce to their nonrelativ- Araia? B2
istic counterparts, Eqg5), (8), and(11) in the limit 8;<1 O'RBethe:—g{ M2 In : 2) - B? +CR] (23
by noting thatR=mdc?a?2, mvZ/2=T, mv2/2=U, and t 1-5
mv3/2=B.
in the relativistic form, and
D. Asymptotic limits 47-ra3 T
) o ONRBethé™ T/R M2|n§+CNR (24
The Bethe cross section for the total ionization in the

high-T limit is often given by two constant$1? and C,
which are characteristic of the target but independent of in the nonrelativistic form. The quantif®y is related toCyr
[7], by Eq.(18), i.e.,

052710-4



EXTENSION OF THE BINARY-ENCOUNTER-DIPOE . . . PHYSICAL REVIEW A 62 052710

Cr=Cnr—2M?In a. (25) cover incident electron energies from the threshold to hun-
dreds of keV because the BEB model requires minimal input
Since the BED-BEQ-BEB cross sections are given in anaeata for the target.
lytic forms, we can easily obtain analytic expressionsMior Note that the “Burgess” denominatof,+U + B, is the
and C from these cross-section models. The expression foonly ad hocterm used without proper derivation in the BED
M2 is the same for relativistic and nonrelativistic formulas. model. The substantial reduction of cross sections at Tow

The nonrelativistic expressions are achieved by the Burgess denominator for neutral targets is
unlikely to be correct in magnitude when the incident elec-
M2 :ED(OO) 26) tron is subject to a long-range Coulomb interaction from an
BED™ B ’ ion target. Kim and Rudfl1] already noted that they had to

reduce the denominator to apply the nonrelativistic BED

5 R} NR N; model to HE . Further application of the BEB model to sin-
Cnreeo=MgepIn B + B 2- N/ (27) gly charged molecular ionl5] revealed that using@ -+ (U
+B)/2 instead ofT + U+ B resulted in excellent agreement
NRQ with known experimental data at nonrelativisiic
éEQ 5B (29 Moreover, comparisons to distorted-wave Born cross sec-

tions for highly charged iongl6] indicate that a simple av-

R\ NR erage of the nonrelativistic BED, BEQ, and BEB cross sec-

—|+—=(2-Q); (29  tions with thet+u+1 denominator and reproduces the

B B distorted-wave Born results closely at low to intermediate
For extreme cases such as the hydrogenic ions of heavy at-

2 NR (30 oms, we expect thdatalone will be the appropriate denomi-

2
Cnreeg= Magqgln

Meee= 25 nator as is the case for maab initio theories that are ex-
pected to be valid for such targets.
5 NR Until we have more examples to compare, t@atatively
Cnrees=MeesIn| 5|+ 5 (3D propose to uséor single ionization of deep inner sheks

heavy atoms,

and the relativistic expressions f@ can be derived using s/1 1
Eq. (25). . T . . 0'BEDav:_(_+

As was mentioned earlieM g¢p is a weighted integral of 2\t ttutl

the differential dipole oscillator strength, Eq$) and (10),

and can be determined df/dw for all orbitals are known, X|D(t)Int+|2— M) (Q_ In_t) (32)
either from photoionization experiments or a reliable theory. N t t+1
For instance, the values &2 are known for H and H-like .
ions, He and some He-like ions, Ne, Ar, Kr, and Ki4]. instead of Eq(5),
The second constanGyg, is much more difficult to deter-
; : . S/1 1 QInt 1
mine, and reliable values are known only for a short list of UBEQaV:_(_Jr _< 1- =
targets. Thevi? from the BED and BEQ formulas are iden- 2\t t+tutl)] 2 t2
tical to those from the Bethe theory, bM3 ; is not, be-
cause of the approximatioQ=1 we have made to obtain +(2-0)| 1- }_ In_t 33)
ogeg- None of theC values from the present models are the t t+1
same as the Bethe theory value because of the approxima-
tions we have made to combine the Bethe and Mott crosimstead of Eq(8), and
sections. For very higlii>m¢?, the approximations we have
made, while providing reliable cross sectionsTat5 keV, S/1 1 Int 1 1 Int
may Ieat_d to less reliable' cross sections than accurate UBEBaVZE(f+ tturill 2 1- t_2 +1- T ir1
asymptotic Bethe cross sections when they are known. (34)
IIl. APPLICATION OF THE RELATIVISTIC FORMULAS instead of Eq(11). In fact, these averaged BED, BEQ, and

. BEB formulas can also be used for any ions whose net
Cross-section formulas based solely on the Bethe theoré,(harge is 3 or higher, including deep inner shells which

are subject to strong effective nuclear attraction. Similar to
%’qs. (32—(34), the averaged relativistic BED, BEB, and

tivistic BED-BEB formulas provide reliable ionization cross BEQ formulas are

sections at lowT and the relativistic BED-BEB formulas
reduce to the correct nonrelativistic BED-BEB formulas, the 1 B2+ B2+ B2
relativistic BED-BEB cross sections should provide reliable URBEDa\F—( 4ot Pu b
ionization cross sections for a wide rangeTofFor instance, 2 Bf

Eq. (22) is ideally suited for modeling ionizing events that (35

X[RHS of Eq. (20)],
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TABLE I. K-shell binding energy [18] and kinetic energy. 6
x10° | @ on C K shell o Tawara
Element B(keV) U (keV) sl 4 Hink
BEB
c 0.2844 0.4372 S T Guares 20
Ar 3.203 4.228 4t R © Khare
) ——- Deutsch
Ni 8.331 10.521 o
Nb 18.983 23.363 e sl
Ag 25516 31.268 2
6 Ll
1 Bi+BI+B:
URBEQ&VZE( T X [RHS Of Eq (21)]1 1r :
t .
(36) . . =
o 10° 10' 10° 10°
and T (keV)
5 o FIG. 1. K-shell ionization cross section of C. Solid circles, ex-
1 Bit+ Byt By perimental data by Tawat al. [25]; solid triangles, data by Hink
ORBEBav_ » + X[RHS of Eq (22)] . B H
2 2 and Paschké¢26]; thin solid curve, present averaged BEB cross
t

(37) section, Eq.(34); thick solid curve, present averaged RBEB cross

section, Eq.(37); dot-dashed curve, relativistic empirical formula
by Quarleq20]; open diamonds, nonrelativistic semiempirical for-
mula by Khareet al. [23]; long-dashed curve, nonrelativistic semi-
empirical formula by Deutschbt al.[22].

As is shown later, relativistic effects raise the ionization
cross section at higi>mc?, sometimes making the cross
section higher than the first peak at lowerThis is known as
the relativistic rise of ionization cross sections. Wheén
>mc?, other relativistic effects, such as the density effec )
which is an apparent increase in the target density because bf° O better in general. _ _

the Lorentz contraction of the length in the direction of the B€fore we present the comparison between theories and

incident electron beam, must be taken into account. experiments, a few general comments are in order.
(a) Casnatiet al.[19] determined their empirical formula

by fitting to a wide range of experimental data available to
them. Hence, when particular experimental data published
Inner-shell ionization cross sections by electron impacbefore Casnatt al. agree well with the Casnati formula, the
are of interest not only to the basic collision physics foragreement may simply indicate that Casngttial. gave a
complex atoms and molecules, but also to various practicailigh weight to the experimental data while fitting their for-
applications in material science and electron microscopy. Anula.
comprehensive review of the theoretical and experimental (b) Casnatiet al. [19] presented a formula for relativistic
situation as of mid-1980s has been presented by P¢tAll  corrections in their paper but the formula—an equation given
Theoretical difficulties in the past were between the threshat the end of their Sec. 3—is wrong. The correct formula is
old and the peak, which occurs usually four to five times thegiven by Quarle$20]. Hence, we quote the Casnati formula
threshold energy. Theories based on the Bethe or Born crosgth the correct relativistic correction as the “Quarles” cross
section are not reliable there. Theories based on classicakction, while the nonrelativistic version is called the “Cas-
mechanics are somewhat better but such theories usually reati” cross section.
quire adjustable parameters. The present BEB-RBEB models (c) The fitting formula developed by Casnai al. [Eq.
produce reliable cross sections between the threshold and tli®) in [19]] contains the leading dipole interaction terms rep-
peak without using any adjustable parameters. resented by Ii't, while the relativistic correction presented
As an illustration, we apply the relativistic and nonrela- by Quarles is based on the classical theory by Gryzif&Ki
tivistic averaged BEB formulas to th€-shell ionization of  which does not include any dipole interaction. In contrast,
C, Ar, Ni, Nb, and Ag. As is shown below, relativistic effects the present RBEB model contains the leading dipole interac-
become increasingly more important as #ehell binding tion and uses the correct relativistic extension of the dipole
energies of the elements increase. Hence relativistic theornteraction.
must be used for treating both atomic structure and collision (d) The semiempirical formula by Deutset al.[22] is a
dynamics for medium to heavy atoms. The only input datamodified form of the classical theory by GryzingRil]. The
needed for each element in the present BEB-RBEB modahodification involves introducing a new parameter and ad-
are B and U, which are calculated from Dirac-Fock wave justing all parameters to fit available experimental data.
functions and listed in Table I, and the electron occupatioriTheir formula still lacks the dipole interaction which be-
numberN=2. For the binding energies of inner-shell elec- comes dominant at high, and hence tends to be too low at
trons, experimental valu¢48] may be used to match experi- relativistic T.
mental thresholds precisely, though theoretiKadhell bind- In Figs. 1-5, we compare the present BER). (34)] and

ting energies from Dirac-Fock wave functions are reliable to

A. Application of the BEB model to K-shell ionization

052710-6
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5 T . T 150 . T
x10°| e on Ar K shell * Tawara e on Nb K shell * Peng
4 Hippler BEB
al = Quarles [28] | — RBEB
v Platten — ---- Casnati
BEB // °~. —-— Quarles [20]
P ——- Deustch
— RBEB 100 | ey o ust
---- Casnati VAN AN
—~ 3f —-— Quarles [20] “«— I S R T
= © Khare [ [ . R Ay
s ——- Deutsch ) v N —= ==
.y o Scofield o 4
= = ‘," .
5 2T £ A
O © 50 } i I \\
"I/ \\
{ AN
1t / A
___________ i N
ols 7 5 3 . O 0 7
10 10 10 10 10 10
T (keV) T (keV)

FIG. 2. K-shell ionization cross section of Ar. Solid circles,  FIG. 4. K-shell ionization cross section of Nb. Solid circles,
experimental data by Tawagt al. [25]; upright triangles, data by ~experimental data by Pereg al.[35]; for other legends, see Fig. 2
Hippler et al. [27]; squares, data by Quarles and Semj&8j; in- caption.
verted triangles, data by Plattehal. [29]; thin solid curve, present

BEB cross section, Eq34); thick solid curve, present RBEB cross gn( tg the relativistic plane-wave Born cross sections calcu-
section, Eq(37); short-dashed curve, nonrelativistic empirical for- lated by Scofield24]. Of the several nonexperimental cross
mula by Casnatit al. [19]; dot-dashed curve, the Casnati cross sections presented in the figures, the present BEB-RBEB
section with relativistic corrections by Quarlgg0); open dia- .o sections and the Born cross sections by Scofield are the

monds, nonrelativistic se_m_mmpmca_l forn_m_Jla by Khaeeal. [23], only ab initio theories without any adjustable parameters.
long-dashed curve, relativistic semiempirical formula by Deutsch E Lo R
xcept for the carbon atom in Fig. 1, the relativistic cross

t al.[22]; ircl lativistic plane- B ti . . .
Ey%c[ofi(]ell;[zif? CIrcles, refafivistic plane-wave Sorh cross SeCionSye ctions begin to show a different shape than the shape of the

nonrelativistic counterparts at>100 keV. These figures

RBEB [Eq. (37)] cross sections to available experimentaldearly demonstrate the necessity for relativistic corrections
: for atoms with medium and high atomic numbers.

ta, to the nonrelativistic empirical cr tion -
data, to the nonrelativistic empirical cross sections by Cas For the carbon atom, relativistic and nonrelativistic cross

nati et al.[19], to the relativistic version of the Casnati cross ) . .
L19], sections are almost identical for<1 keV. Both the present

sections with the relativistic corrections provided by Quarle . o .
[20] based on Gryzinski's classical thedi®1], to the non- *RBEB cross“sectlon an(EI’ the relativistic Quarles cross section
marked as “Quarle$20]” are in good agreement with the

relativistic semiempirical cross sections by Khateal.[23], i i :
. L - experimental data by Tawat al. [25], while the experi-
to the semiempirical cross sections by Deutsthal. [22], mental data by Hink and Paschi@8] display an increasing
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FIG. 3. K-shell ionization cross section of Ni. Circles, experi-
mental data by Smick and Kirkpatrid84]; upright triangles, data FIG. 5. K-shell ionization cross section of Ag. Circles, experi-
by Pockmaret al.[33]; squares, experimental data by Jessenbergemental data by Davist al. [36]; upright triangles, data by el Nasr
et al.[30]; inverted triangles, experimental data by Leial. [31]; et al. [40]; squares, data by Shimet al. [37]; inverted triangles,
open squares, experimental data byetel.[32]; for other legends, data by Kisset al. [38] cited in Longet al.[39]; for other legends,
see Fig. 2 caption. see Fig. 2 caption.
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trend toward loweiT not seen in any other theory or experi- section and the relativistic plane-wave Born cross section by

ment. Scofield [24] is widening atT>2 MeV, amplifying the
For the argon atom in Fig. 2, all theoretical and experi-trend observed in Ar and Ni, again due to the fact that the

mental data seem to agree with each other, while our RBEBRBEB model is likely to overestimatél? in Eq. (23) for K

BEB cross sections tend to agree slightly better with theelectrons. The silver atom is another example for which de-

experimental data by Tawart al. [25], by Hippler et al. finitive measurements near the peak would help to distin-

[27], and by Quarles and Sema#8]. The experimental guish different theories.

data by Platteret al. [29], though with large uncertainties,

follow the shape of the Casnati cross section at hwwe B. Application of the relativistic BEQ cross section

also see the beginning of a trend that the relativistic Quarles Atomic hydrogen is a particularly simple case to apply

and the nonrelativistic Casnati cross sections are higher tha@q (8) because only one nontrivial number is needex:

the RBEB-BEB cross sections in peak values. Although we_ 0.5668, which can be calculated exactly from the hydro-
did not extend Fig. 2 to very high incident electron energies ’

S i .~~genicdf/dw. The rest of the input data for the hydrogen
the relativistic plane-wave Born cross section by Scoflelogtom areB=13.6057 eV.u=U/B=1 from the virial theo-

[24] is in excellent agreement with the present RBEB cros

section toT=10 MeV. nonrelativistic BEQ cross section is in excellent agreement

For the nickel atom in Fig. 3, experiments and theories arg; ;
h 4 . ith the experimental values measured by Skahl. [41]
both divided into iwo groups. The experimental data by ‘Jesfrom the thrZshoId td=1 keV. The relativi)étic BEQ cross

senberger and Hin80] and the data by Luet al.[31] agree section given by Eq(21) is practically indistinguishable

with the. pegk values of the Qqarles Cross section _and th om the nonrelativistic BEQ cross section E§) from the
nonrelativistic Khare cross section, while the experimental hreshold toT~5 keV

data by Heet al. [32], the data by Pockmaet al. [33] and Since the ionization cross section is very low at relativis-

the single data point by Smick and Kirkpatrigl4] are tic T, the Fano plot is better suited for comparing different

Iowgr in peak valut_as: and agree with our RBEB-BEB CT0SS:1455 sections at relativistit The Fano plot is a graph using
sections. The relativistic plane-wave Born cross section b

Scofield[24] rises rapidly near the peak overestimating the)éls the abscissa and ordinate

ionization cross section as expected. The present RBEB
cross section begins to be higher than the plane-wave Born X=1In
cross section beyond=1 MeV. For H and He, the RBEB
model producesvi?>—the leading coefficient of the Bethe
cross section in Eq(23) as discussed in Sec. || D—higher
than the known, reliable valud4]. Hence, we expect that B2
the RBEB model would also overestimai¥ for K shells of Y=0 tz )
heavy atoms, resulting in a slightly higher cross section than 4mraga’
the asymptotic Born cross section. A definitive experiment
centered around the peak is desirable to distinguish different
predictions from different theories. As can be seen from E@3), such a plot will asymptotically
In Fig. 4 we compare recent experimental data by Pengpproach a straight line with a slopé?. Table Il compares
et al. [35] for the niobium atom to the present RBEB cross orger, 0ger, and experimental data by Shahal. [41] for
section, to the empirical formula by Casnatial. [19] with  the hydrogen atom at typical valuesDand the correspond-
the relativistic correction indicated by Quarlgz0], and the ing X.
semiempirical relativistic cross section by Deutsehal. The experimental data for H by Shehal.[41] are com-
[22]. Here, the experimental data are in excellent agreemengared to the relativistic BEQE(Q. (21)] and nonrelativistic
with the RBEB cross section, while the Casnati cross sectioBEQ[EQ. (8)] cross sections, and the asymptotic Bethe cross
is appreciably higher, reinforcing the trend also seen in Arsection[42] in a Fano plot in Fig. 6. We did not use the
and Ni(Figs. 2 and 3 averaged cross sections, E@82)—(37), because they are
Four sets of experimental data for the silver atom aremeant for deep inner shells of many-electron atoms. Both the
compared to the present RBEB-BEB cross sections and otheelativistic BEQ and the asymptotic Bethe cross sections
theories in Fig. 5. The experimental data by Dastisl.[36]  agree with the experimental data within the experimental er-
agree well with the Quarleé= relativistic Casnaji cross ror bounds. However, the asymptotic Bethe cross section ap-
section. The data by Davat al. on theK-shell ionization of  pears to agree better with the trend seen in the experimental
Cu and Au[36] are also much higher than our preliminary data forT>2 keV thanoggeq. This is an example in which
RBEB cross sections. The experimental data by Stetrel.  the asymptotic Bethe cross section for the hydrogen atom is
[37] and by Kisset al.[38]—as quoted in Longt al.[39]—  more accurate because exact wave functions are known. Al-
lie in between the RBEB and the relativistic Quarles crosghough the actual cross-section values remain low at fijgh
sections. The data by el Nast al. [40] disagree with all the relativistic BEQ cross section is almost twice the nonrel-
three relativistic cross sections presented in Fig. 5. Althoughativistic BEQ cross section at~300 keV (see Table I\
all theoretical cross sections agree in the vicinity Df Relativistic effects dominate at high&r and the relativistic
=1 MeV, the difference between the present RBEB crossise of the cross section occurs affer1.5 MeV.

Srem, andN=1. As was shown in an earlier wofld], the

2
d 2)—33, (39

TPt

(39
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Shahet al.[41] for H.
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TABLE Il. Comparison ofT, X [see Eq(38)], oraeq[EQ. (21)], ogeq [EQ. (8)], and experimental data by

T(keV) X oreeq (A?) ogeq (A?) Expt. (A?)
0.998 —5.548 0.119 0.119 0.1130.0077
1.998 —4.857 0.0663 0.0659 0.0631.0047
2.998 —4.454 0.0466 0.0462 0.04370.0036
3.998 —4.169 0.0362 0.0358 0.0339
5.0 —3.948 0.0297 0.0293 0.0279

10.0 —3.269 0.0161 0.0157 0.0149
50.0 —1.754 0.00409 0.00360
100.0 —1.145 0.00243 0.00189
300.0 —-0.1851 0.00130 0.000681
500.0 0.3251 0.00109 0.000422
1000.0 1.161 0.000963 0.000221
1500.0 1.738 0.000944 0.000151
2000.0 2.183 0.000946 0.000115
5000.0 3.756 0.000999 0.000048
10000.0 5.048 0.00106 0.000025

C. Application of the relativistic BED cross section

Recently, the nonrelativistic BED formula was applied to
the helium atom in combination with thef/dw calculated
from the relativistic random-phase approximatiRRPA)
[43]. The resultingogep Was sufficiently accurate to be rec-
ommended as a normalization standard. In Ré8], the
RRPA df/dw was fitted into a four-term power series to
facilitate integration to an arbitrary upper limit in E).
The fitted equation is

df/dw=ay’+by*+cy’+dy®,

where y=B/E=B/(W+B),

(40

and a=8.24012, b=

—10.4769, c=3.964 96, andd=—0.0445976. To match
the experimental threshold3=24.587 eV is used in Eq.
(20) with N=2 and a theoretical value &f=39.51 eV for

the helium aton{1].

6 T

5_

e onH

FIG. 6. Fano plot for H. The abscissa is given by E2f) and
the ordinate by Eq(39). Solid curve, present relativistic RBEQ
cross section Eq21); short-dashed curve, present nonrelativistic
BEQ cross section Eq8); long-dashed curve, asymptotic Bethe
cross sectio42]; circles, experimental data by Shahal. [41].

In Table lll, oggep @nd oggp are compared to the experi-
mental data by Shaét al.[44] for the helium atom at typical
values of T and the corresponding. In Fig. 7, the experi-
mental data for He by Shadt al.[44] and the data by Rieke
and Prepejchal45] are compared to the relativistic BED
[Eqg. (20)] and nonrelativistic BEOJEQ. (5)] cross sections
and the asymptotic Bethe cross sectjd@] in a Fano plot.

As in the case of H, we did not use the averaged cross sec-
tions, Eqs(32)—(37), for He because these equations are for
deep inner shells of many-electron atoms. In contrast to the
hydrogen atom, the RBED cross section represents the trend
seen in the experimental data Bt-5 keV better than the
asymptotic Bethe cross section.

Rieke and Prepejch@#i5] presented their data as a fitted
straight line using the variables for the Fano plot, H&S)
and (39). They presented three pairs of constants for the
ionization of the helium atom. Their experiment on He, how-
ever, represents the total inelastic scattering cross section
that includes all discrete excitations because they used a
buffer gas whose ionization energy is below the excitation
energies of the metastable helium atp46]. The excited He
atoms produce buffer-gas ions through the Penning ioniza-
tion. In Fig. 7 the error bars for the Rieke and Prepejchal
curve represent the spread of the cross sections reproduced
from the three sets of their constani? and Cr. All of
their values are larger than the known asymptotic Bethe
cross-section values for ionization.

As it was in the case of the hydrogen atoorkgep [EQ.

(20)] is almost twice the value ofrggep [EqQ. (5)] at T
~300 keV, and then the former dominates for highdsee
Table 1ll). The relativistic rise oforgep again occurs after
T~1.5 MeV.

D. BEB cross section for xenon

The BEB model requires minimal input data for the target
atom and hence the model is most useful for atoms with
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TABLE lll. Comparison ofT, X [see Eq(38)], orgep [EQ. (20)], ogep [EQ. (5)], and experimental data
by Shahet al. [44] for He.

T(keV) X oreep (A?) ogep (A?) Expt. (A%
1.0 —5.546 0.137 0.137 0.1280.0079
2.01 —4.851 0.0803 0.0799 0.0798.0049
3.0 —4.453 0.0580 0.0576 0.0551.0034
4.0 —4.168 0.0458 0.0453 0.0448).0028
6.1 —3.752 0.0321 0.0316 0.0368.0019
8.0 —3.487 0.0256 0.0250 0.025®.0015

10.0 —3.269 0.0212 0.0206 0.019%.0012
50.0 —1.754 0.00561 0.00494
100.0 —1.145 0.00337 0.00264
300.0 —0.1851 0.00183 0.000969
500.0 0.3251 0.00155 0.000606
1000.0 1.161 0.00139 0.000320
1500.0 1.738 0.00138 0.000220
2000.0 2.183 0.00139 0.000168
5000.0 3.756 0.00149 0.000072
10000.0 5.048 0.00161 0.000038

complex structure. Xenon is a good example because its totathile the ion current measured by Nishimura and Sakae is
ionization cross section is known to a reasonable accuracknown as the gross ionization cross section defined by
(£10%-15%) at T<5 keV [47-49 and T

=0.1-2.7 MeV[45]. One complication common in heavy _ n _

atoms such as xenon is the fact that multiple ionization is a ‘TGfOSS_E ne™, n=123.... (42)
significant fraction of the total ionization cross section. For

instance, Wetzeet al. [47] and Nagyet al. [48] separately Most of the multiply charged ions result from the Auger
measured cross sections for producing singly charged, dowrocess triggered by the ionization of an inner shell, such as
bly charged, and triply charged ions, while Nishimura andthe 4s, 4p, 4d, and 5 orbitals. Holes created in very deep
Sakag[49] measured the total ion current. A simple sum ofinner shells are more likely to be filled by fluorescence than
the cross sections measured by Wettedl. or Nagyet al.is by the Auger process. Besides, ionization cross sections for
known as the counting ionization cross section defined by theK, L, andM shells are negligible compared to cross sec-
tions of the outer shells, and we need to consider multiple
Ucoumzz "™ n=123..., (42) iohniﬁation from the holes created only in theshell andO
shell.
Since our theoretical model is simple and the accuracy of
the available experimental ionization cross sections is mod-
e~ onHe est, it is not necessary for us to know the details of the Auger
ST /,/I ’ process, such as fluorescence yields and partial cross sections
for the numerous channels of Auger decay. It is sufficient for
us to consider only the energy balance from the list of orbital
binding energies in Table IV. For instance, the ionization of
a 5s electron will lead to a doubly charged ion when p 5
electron fills the 5 hole, while the ionization of ad elec-
tron will lead to a triply charged ion by first filling thed4
hole by a 5 electron and then the resulting hole filled by
a 5p electron. In reality it is also possible to get only a
doubly charged ion if a p electron fills the 4 hole. Simi-
larly, we assume that the ionization of & 4r 4p electron
will result in a quadruply charged ion. It is easy to estimate
FIG. 7. Fano plot for He. Solid curve, present relativistic RBED th€ Cross sections for the production of these multiply
cross section, E¢(20); short-dashed curve, present nonrelativistic charged ions in the BEB model because the model gives
BED cross section, E¢5); long-dashed curve, asymptotic Bethe Cross sections for each orbital. Hence, to get the counting
cross sectiorf42]; dot-dashed curve, experimental data by RiekeiOnization cross section, we simply add each orbital cross
and PrepejchdW5], see text for the explanation of the error bounds; Section once. For the gross ionization cross section we
circles, experimental data by Shahal. [44]. double the 5 cross section, triple theddcross section, and
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TABLE IV. Orbital binding energyB, kinetic energyU, electron occupation numbat; and the Bethe constanié? [Eq. (30)], Cyr [EQ.
(31)], andCg [Eq. (25)] for Xe. N, Cyr, andCg are dimensionless. The lowest binding energy is experimental. For other binding energies,
we used the orbital energies from the Dirac-Fock wave function.

Orbital B (eV) U (ev) N M?(a2) Cnr o
18y, 35755.82 42281.58 2 0.000391 —0.00229 0.001564
251 5509.33 9173.91 2 0.002470 —0.00989 0.01441
2p1 5161.43 9135.67 2 0.002636 -0.01038 0.01556
2pap 4835.57 8324.23 4 0.005627 -0.02180 0.03358
351 1170.37 2722.32 2 0.01163 —0.02853 0.08586
3p1e 1024.78 2642.38 2 0.01328 —0.03083 0.09983
3p3p 961.25 2453.45 4 0.02831 —0.06391 0.2147
3dg, 708.13 2311.18 4 0.03843 -0.07502 0.3031
3dg), 694.90 2261.96 6 0.05874 —-0.1136 0.4645
4s,), 229.39 757.48 2 0.05931 —0.04893 0.5347
4pys 175.58 690.54 2 0.07749 —0.04321 0.7193
4pgp, 162.80 643.34 4 0.1671 —0.08057 1.564
4dg), 73.78 497.77 4 0.3688 0.1141 3.744
4dg), 71.67 485.43 6 0.5695 0.1928 5.797
551/ 27.49 122.58 2 0.4950 0.6419 5.513
5p1 13.40 88.90 2 1.015 2.045 12.03
5pa 12.1298 79.42 4 2.243 4.744 26.82

quadruple the 4 and 4p cross sections. The valuesBfand  the principal quantum number=5 as we did in earlier ap-
U given in Table IV for xenon were calculated using a plications of the BEB model to heavy atoms and molecules
single-configuration Dirac-Fock wave function. containing heavy atoms. This is another example of the fine
The BEB cross section for the gross ionization is com-tuning of the “Burgess” denominator to avoid excessive re-
pared to available experiments at Iawin Fig. 8, while the  duction of cross sections due to large valuedJofor outer
Fano plot for Xe is shown in Fig. 9 for relativistit. The  Orbitals resulting from many radial nodes and high angular
BEB cross section used in Fig. 8 dsgpay [EQ. (34)], while  quantum numbers in the kinetic energy operatdgt
the cross section used in Fig. 9 dSgegay [EQ. (37)]. The +1)/2r2. Except for the outermost orbitals, such as tipg,5
relativistic and nonrelativistic BEB cross sections are indis-2nd 93, orbitals, the averaging of two denominators shown
tinguishable at nonrelativisti€. For the 5,,, and 53, or- N Ed. (34) leads to cross sections practically indistinguish-
bitals, we did not use the “average” cross section in Eq.able from those obtained by using< 1)/n in the denomi-
(34). Instead we replaced+ 1 in Eq.(11) by (u+1)/n with

7 ——r— —— T ——r—rrT 140 | )
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FIG. 9. Fano plot for Xe. Solid curve, present RBEB gross
FIG. 8. Total ionization cross section of Xe. Solid curve, presentionization cross section E¢37); long-dashed curve, present RBEB

BEB gross ionization cross section, E§4); upright triangles, ex-  counting ionization cross section; short-dashed curve, experimental
perimental gross ionization cross section by Wetedl. [47]; in- counting ionization cross section by Rieke and Prepej¢hal;
verted triangles, experimental counting ionization cross section bgquares, experimental gross ionization cross section by Kagl
Wetzelet al.[47]; squares, experimental gross ionization cross sec{48]; triangles, experimental counting ionization cross section by
tion by Nagyet al.[48]; circles, experimental gross ionization cross Nagyet al.[48]; circles, experimental gross ionization cross section
section by Nishimura and Sak§49]. by Nishimura and Sakae9].
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nator. An alternative method is to use the orbital kinetic eninner-shell ionization requires relativisti@ 20 keV) inci-
ergies derived from an effective core potential, whichdent electron energies.
generates nodeless valence orbitals. Effective core potentials The present theory is in excellent agreement with avail-
are widely used in quantum chemistry for molecules containable experimental data dt+shell ionization by Tawarat al.
ing heavy atom$50]. We also used experimental ionization [25] for carbon and argon, the experimental data by Pock-
energy for the outermost orbital to match the threshold oimanet al.[33] for nickel, and with the experimental data by
experimental cross sections. Penget al. [35] for niobium. The present theory is lower
In the case of He, double ionization is negligible and wethan available experimental data for silver. For nickel and
did not have to distinguish counting and gross ionizationheavier elements, the relativistic version of the empirical Ca-
cross sections. For Xe, however, the gross ionization crosshati cross sections tends to be higher than the present theory
section is visibly higher than the counting ionization crossat the peak by 20% to 30%. Definitive experiments for the
section as can be seen from Figs. 8 and 9. The peakThearK-shell ionization of Ni and Ag near the cross-section peaks
=110 eV is enhanced in the gross ionization cross section, @'e¢ needed to settle conflicting theories and experiments.
clear indication that the peak is related to the multiple ion- The present theory is also in good agreement with the
ization resulting from holes in thed4;, and 45, orbitals. ~ relativistic plane-wave Born cross sections by Scof{@d]
These holes may be created either by direct ionization ofor argon, nickel, and silver fof <2 MeV. However, for
excitation to a higher bound levels, which decay by autoionhigher T, the RBEB cross section is higher than the Born
ization. The BEB model includes the direct ionization butCross section, because the RBEB model most likely overes-
not the autoionizing excitations. Within the context of thetimatesM? [Eq. (23)] for K shells. This shortcoming of the
BEB model, the autoionization cross sections must be calclRBEB model can be corrected by actually calculativig
lated separately and added on to the direct ionization crosdith a suitable relativistic continuum wave function. Since
section. the ionization energy for K electrons is high and the bound
For heavy, neutral atoms, the BEB model underestimatestate is dominated by the nuclear Coulomb field, electron

the value ofM? while overestimatindCyg and consequently correlation is not expected to be critical. Any reasonable con-
Cg. The BEB values for Xe aré1?=5.157, Cyg="7.209, tinuum wave-function model—e.g., a relativistic version of

andCR: 57.96 for the Counting ionization cross section, andthe Hartree-Fock continuum wave function with frozen core
M2=8.441, Cyr=7.947, andCr=91.01 for the gross ion- orbitals—is likely to produceM? values better than the
ization cross section. Rieke and Prepejddal] detected Xe simple form, Eq(30), used in the RBEB model. When such
ions in the Geiger-Miler (GM) counting mode, and hence continuum wave functions become available, the RBEQ and
what their instrument recorded corresponds to the countinfRBED models can be used as well.

ionization cross section. In spite of the low uncertainty esti- Although the empirical equation by Casnetial. [19] has
mate on their totaM? value, 8.04-0.15, their value far @ logarithmic term to represent the dipole interaction, its
exceeds theV2=6.12 obtained by Berkowitg14] directly relativistic correction derived by Quarlg20] is based on the
from photoionization data. The value by Rieke and Prepeclassical theory by Gryzins1], which does not have the
jchal quoted above was obtained without any buffer gas iProper dipole interaction term. Hence, it is uncertain whether
the counter, which implies that there was no conversion ofhis combination of nonrelativistic Casnati formula and the
metastable Xe into an ion through the Penning ionizationQuarles relativistic correction would necessarily lead to the
Hence their value oM?2=8.04+0.15 andCg=72.35-0.40  Correct asymptotic behavior for the dipole interaction, which
should be for ionization without any excitations unlike the bPecomes dominant at relativistic The same comment ap-
case of He. In fact, this tendency of thé? values deter- plies to the relativistic extension of the semiempirical cross
mined by Rieke and Prepejchal being higher than M section by Deutsclet al. [22]. Tht_a De_utsch Cross sect_ion
values obtained directly from photoionization is seen indo€s not have the correct logarithmic term for the dipole

many targets reported by Rieke and Prepejchal. We have rigtéraction either in the relativistic or the nonrelativistic for-
plausible explanation for this trend. mula. It is known that the lack of a proper dipole interaction

term in the classical theory leads to cross sections too low at
high T.

All forms of the present theory and the plane-wave Born
cross section by Scofield24] have the correct logarithmic

The nonrelativistic BED, BEQ, and BEB cross sectionsterms for the dipole interaction. In Figs. 3-5, the RBEB
for electron-impact ionization have been extended to relativeross section becomes higher than the semiempirical cross
istic incident electron energies. The original BED-BEQ-BEB sections marked “Quarleg20]” and “Deutsch” at T
formulas, which reproduce reliable ionization cross sections>2 MeV. Since these semiempirical cross sections both
for neutral targets, have been modified slightly for applica-have “improper” asymptotic behavior, the only meaningful
tions to inner shells by using a simple average of cross se@omparison of asymptotic cross sections will be the compari-
tions with two different denominators. These denominatorsson between the present theory and the plane-wave Born
play the role ofT-dependent scaling of ionization cross sec-cross section by Scofiel®4].
tion to account for the electron correlation between the inci- The Born approximation overestimates peak cross sec-
dent and target electrons. The relativistic formulas can novtions and this expectation is borne out by the trend seen in
be used for the ionization of atoms and molecules whos&ig. 3. The agreement near the peak in Fig. 5 between the

IV. CONCLUSIONS
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Born cross section by Scofield and the experimental data bgind BEQ cross sections are also likely to overestimate gross
Davis et al.[36] should be regarded not as an agreement buibnization cross sections atmc2.

as an indication that the data by Daeal. are too high in Unlike K shells, the BEB model underestimati¥ of
view of the expected behavior of Born cross sections near theeavy neutral atoms and overestimates ti@&irand Cyg.
peak. The comparison of the presenfeg to the Born cross  The fact that the BEB model produces reliable ionization
section by Scofield af=10 MeV for medium to heavy cross sections at low for many neutral atoms and mol-
atoms indicates that the former is higher than the latter bycules indicates that other terms in the BEB-RBEB model
10-15%. compensate at low.

The ionization cross sections for the hydrogen and helium The underlying reasons for the surprising success of the
atoms are in excellent agreement with the present BEQ/BEBurgess denominator for neutral targets and its modified
cross sections at nonrelativistic However, the asymptotic form for inner shells presented here are not clear at present.
trend of the experimental data for the hydrogen atom followsMore application examples are needed to fully understand
the asymptotic Bethe cross sectigt2] better than the rela- the fundamental nature of the Burgess denominator. Only
tivistic BEQ cross section. On the other hand, the asymptotithen the BED-BEQ-BEB models can be modified further to
trend of the experimental data for the helium atom followsmake them truly versatile models that not only cover the
the relativistic BED cross section. entire range off but also apply to neutral as well as ionized

The BEB cross section for Xe is in good agreement withtargets.
available experiments except near the cross-section peak, Since all the input data required in the relativistic BEB
where autoionization resulting from the “excitations” of the cross section can be obtained from the ground-state wave
5s and 4d electrons to upper bound levels interact with thefunction (preferably Dirac-Fock typeof a target atom,
background continuum for the direct ionization of thp 5 oggeg [Egs.(22) or (37)] can be used for a wide range of
electrons. The BEB model does not include these autoionizaeutral atoms and molecules as well as atomic and molecular
ing channels, though the model can approximately accouribns. The relativistic formulas presented in this paper provide
for the multiple ionization produced by the Auger decay ofa “seamless” coverage of ionization cross sections from the
the 5s, 4d, 4p, and 4 holes created by direct ionization.  threshold to relativistic incident energies, making the formu-

When accurate data on differential dipole oscillatorlas ideally suited for modeling of radiation effects, fusion
strength are available, the BED and BEQ models will lead tgplasmas, stripping of ions in heavy ion fusion, inner-shell
the correct value of the leading dipole term? in the ionization, and other applications where ionization cross sec-
asymptotic Bethe cross sectipsee Eq.(23)] for relativistic ~ tions for a wide range of incident energies are required.
incident electron energies. However, the present theory is
likely to overestimate the second tex@ in the asymptotic
Bethe cross section. Hence the BED and BEQ models may ACKNOWLEDGMENTS
still overestimate counting ionization cross sections for ex- This work was supported in part by the Office of Fusion
treme relativistic incident electron energiéBs>mc?. For  Energy Sciences, U.S. Department of Energy and by FCT
gross ionization cross sections, available experimental dat@ortugal under Project No. PRAXIS/C/FIS/10030/98.
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